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CHAPTER 0 


t^ntrodugtion and contents of the thesis 


0.1 




4>(x) 


^ inversion formula for the Laplace-Stieltjes integra- 

oo g'XU (!«=<( u) was discovered by Post[ 66] for the case 
o 

i^aS integral of a continuous function f. The 

^^hen 

r. ^,Vle formula is contained in a letter from Stieltjes 
germ of t;nfe^ 

to Hermite dated August 29,1893 [letter 383, pp. 332-334, vol.2 


of the 


( 0 . 1 ) 


collected correspondence, Paris 1905] , Post's formula i* 


lim 
n ^ oo 


1=1 )^ /n) 


( 


n 


) C^) 


n+1 


f(t) ^ ni ’■ "T 

e was first treated by Wilder [89] and since 


The general 
tMn the operators defined by 


( 0 . 2 ) 


^n,x 


[ ^(t) ] 


(i^) 

m XX 


X » 


, ... Qc post-WLdder operators. For a given n £ IN (the 

ax-e known as ^ 

get of natural numbers) and x G jif = (o,oo), the operator 
pplicable to a provided <j>(t) possesses a 

. nf order n at t = n/x. This condition is fulfilled, 

derivative oi j 

, 4 . vh©^ f(u) is bounded and locally integrable 

foT 

t oo) and ~ f(u) du. Then, also there 

over \ 0 , / 

^ .„4.f,eral representation 
holds the integrci 


(0.3) 


n! 


Q-nu/x ^n f(-Q) ^ 

Jv Q 
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Using this representation Wldder [ 89] proved the 
following result . 

THEOREM I , If f(u) is locally integrahle over IR’*’ and if the 
integral 

<J>(t) = |°°e"^^fCu) du 
o 

converges for some t £ IR'*’ , then 


(0.4) lim [<j,(t)l = f(x), 

n -y oo 

for all X G IR"^ in the Lebesgue set for f(u). 

The Lebesgue set for a function f is the set of points 
x^^ for which there holds 


I f(u) - ICXq) 1 du = o( I x-x 1 ) (x-y Xq). 

^o 

Thus under the hypothesis of Theorem I it follows 
that (0.4) holds at all points x G IR*’ where f is continuous 
and also that (0.4) holds for almost all X G IR"*" . Also, Widder 
showed that if f is of bounded variation in a neighbourhood 
of a point X G IR*" , then 


(0.5) 


11m 


n,x 


[«t)] = 


f(x +) + f (x - ) 


n -y 00 

In the present thesis we shall be concerned with the 
behaviour of the Post-Widder operators with respect to the 
function f(u). If ve write 
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“n V (-B-) ; e ^ u" f(u) au 

r(n+l) ^ O 

n+ 1 

= — f(ujc) du (x e 

r(n+l) o 

then L'Kt)] = J^^^[f(u)J whenever the former exists. 

Besides this exist even though the Laplace 

transform of f does not exist. This is the case, for example, 
when we take f(u) = u“^. 

We shall study the behaviour of the operators 
for the general class B* of functions f which are locally 
integrable on IR'*' and which for some constants b,B>o satisfy 

f( t) = 0(e®^), t ^ oo 


and 

f ( t) = 0( t"*^) , t -*■ o . 

itfith these conditions, an x £ IR"^ exists for 

all real n > max { B x, b) . Indeed, the functions f to which 
the above mentioned Theorem I of Widder is applicable are all 
'ontained in the class B^ . Also, it is easily seen that 
5* is the largest class of functions f for which 
s meaningful for n sufficiently large. 

We notice that the action of fC't) is that 

»f a linear positive operator. An extensive study of such 
)perators ensued with the works of Bohman[7] and Korovkin [ 37-40] 
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Korovkin gave simple conditions for the convergence of such 
operator sequences for bounded continuous functions. Many 
other researchers considered questions regarding the speed of 
above convergence and also the convergence problems for unbounded 
functions (see [68] for further references) Butzer [ lO] 
used certain linear combinations of the Bernstein polynomials 
to improve the order of approximation for differentiable functions. 
Leviatan and Muller [41] used the linear combinations of Gamma 
operators of Mbller for the same purpose. Rathore [67} developed 
a general theory of linear combinations of linear positive 
operators. 

For several sequences of linear positive operators 
the convergence as n -*■ , known as the 

simultaneous approximation property, has also been studied. 

Such a study was pioneered by Lorentz [4?] who established the 
above convergence for Bernstein polynomials. Similar results 
for various other operator sequences were obtained by Martini [50] , 
tup as and Mtiller [48] , Watanbe [87] , Walk [86] and 

Rathore [71] , etc. Rathore [71-72] initiated a study of 
asymptotic formulae in simultaneous appr»ximation 

The best constants related with the approximation 
of Lipschitz classes of functions by linear positive convolution 
operators have been studied by various authors. For an 
extensive bibliography of the work prior to 1970 we refer to 
Gbrlich and Stark [23] . Some recent work on non- convolution 
type operators has been done in [67,70,72] . 
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Sik;kema[78J and Esseen [ 18] obtained the best constants 'with the 
modulus of continmty for the Bernstein polynomials. Alsoj 
Schurer and Steutel [77] obtained such constants for the 
generalized Jackson operators 

Jackson [27] initiated the study of direct theorems 
in approximation theory. Later, Bernstein after establishing 
his famous inequality, succeeded in proving the inverse theorems 
for polynomial approximation. For further details of this theory 
we refer to Natanson [58] and Tlman [85] . Butzer and Scherer [ 1?] 
have developed a general theory for obtaining inverse theorems 
for certain sequences of operators defined on a Banach space. 
DeVore [16] furnishes a good account of inverse theorems for 
operators which satisfy a Bernstein type inequality. 

In 1941, Alexits [1] initiated the study of saturation 
of convolution operators by giving a characterization of the 
saturation class for Fe]er operators. Later, Favard [19-20] 
gave a general formulation the phenomenon wf saturation 
for convolution operators. Zamansky[92] studied the saturation 
for convolutions with trigonometric poljmomials. DeVore [15] 
also studied the saturation for linear positive convolution 
operators. 

Saturation and inverse theorems for Bernstein 
polynomials have been intensively studied by Lorentz [43^ ) 

Suzuki and Watanbe [84] , Berens and Lorentz [3] , Lorentz and 
Schumaher [44] and others. Butzer and Berens [11] give a 


if 
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systematic account of direct, inverse and saturation theorems 
for semigroups of operators Recently, Ditzian and May [l7] 
proved a saturation theorem for linear combinations of 
Bernstein polynomials defined by Butzer Later, May [62], in 
his interesting paper obtained saturation and inverse theorems 
for linear combinations for the class of exponential- type 
operators. Also, the works of Harsiladge [24] , Buchwalter[ 9] , 
Sunouchi and Watari [82] , Newman and Shapiro [60] , Natanson [59] 
Sunouchi [ 80-81] , Ikeno and Suzuki [26] , Micchelli [53] , 

Karlin and Ziegler [36] , Schnabl[73] and others have 
contributed richly to the growth of this area. 

The notion of a variation diminishing operator was 
introduced by Schoenberg [74] where the first important result 
concerning the variation diminishing property for a finite 
matrix transformation was proved. Later, Motzkin [56 ] found 
necessary and sufficient conditions under which a matrix 
transformation becomes variation diminishing. Gantmacher and 
Krein [21] also studied matrix variation diminishing transformation 
Schoenberg [75] extended the studies on variation diminishing 
property to the case of a convolution transform (see Hirschman 
and Widder [26] for an interesting exposition). Karlin [31-32] , 
extended the variation diminishing property to general 
transformations induced by totally positive and sign-regular 
kernels. > 
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Popoviciu [62-65] initiated a study of generalized 
convex functions. An extensive account of the theory is available 
in Karlin and Studden [34] and in Karlin [33]. Karlin discusses 
generalized convexity preserving transformations. 

A behavloiu- of Bernstein polynomials for complex 
arguments was first discussed by Wright [91} and Kantorovitch [ 30 ] 
Later, Bernstein [ 4-6] made a more detailed study concerning the 
above (Lorentz[42] ). Gergen, Dressel and Purcell, Jr. [22] 
and Jakimovski and Leviatan [28] studied the same for the Szasz 
operators. Similar studies about the convergence of operators 
in complex domain have also been made by Cheney and Sharma[ 14] , 
Wood [90] and others. 

0.2 CONTENTS OF THE THESIS 

A chapter mse summary of the contents of the thesis 
is as follows i 

CHAPTER I t This chapter is mainly devoted to some basic 
results on the operators ]y^ In section 1,2 we establish the 
variation diminishing, convexity preserving and starshape 
preserving properties of these operators. In the following two 
sections we obtain certain evaluations and preliminary lemmas 
of a later use. In Section 1.5 we establish the basic convergence 
and obtain asymptotic formulae and a few error estimates for 
certain functions belonging to B*. In section 1.6 we have 
defined linear combinations of the operators and have 

obtained results on the improved order of approximation. 
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II j In this chapter we have obtained laps ctiitz"* Nikolskii 
constants and the best asymptotic constants in the error estimates 
In aection 2.3 we determine Lipschitz-Nikolskii constants for 
the operators Section 2.4 we present some results 

which improve the error estimates obtained in Chapter I and finally? 
in the last Section?, 5 best asymptotic constants with modulus 
of continuity have been found, 

CHAPTER III : Direct? inverse and saturation theorems for the 
operators form the content of Chapter III Using a 

commutativity property of the operators > we first obtain 

certain direct and inverse theorems in Section 3.2, In Section 3 3 
we have discussed certain iterates of the operators 1^ ^ and 
have proved that they converge to a semigroup of class 
Utilizing this result we obtain a direct and inverse theorem 
for the operators and also characterize a certain class 

of convex functions via an inequality involving ]y^ In 
Section 3,4 we obtain local inverse and saturation theorems 
for linear combinations of the operators 

CHAPTER IV j In this nh^^ptfir we discuss the simultaneous 
approximation property of the operators In Section 4.2 

we establish the basic convergence in simultaneous approximation. 

In Section 4.3 we obtain an asymptotic formula in simultaneous 
approximation Linear combinations of the operators 
have been studied in Section 4,4 and the last section concerns 
with the direct, inverse and saturation theorems for these 
linear combinations. 
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CHi^PTER V : This chapter is de'voted to a study of the 

convergence of the operators m the complex plane, F ^ 

of all, in Section 5,2 ve have characterized a ceruain cTo-^'' 
of analytic functions via a Dehoviour of the operators h,-. 

In Section 5.3 vje establish the convergence, h^^[f] x{ 7 ) 

as n -> oo for certain analytic functions In Section 5c4 
wQ discuss the effect of singular ities of f on the above 
convergence. In Section 5.6 we have obtained the best possible 
region of the convergence corresponding to a singularity of fCz), 
Finally, m the last section, we use the characterization of 
Section 5.2 to obtain some further results cn the convergence 
of in the complex plane. 



CHAPTER I 


BilSIG RESULTS AND LIHEAR GOMBIMTION 


1.1 imODUGTION 

The n-th Post-Hidder operator L 


rijX 


for the Laplace 


transform p(t) of a function fCx) is defined by 

(1.1) [F(t)J = 1^" (S) 

where x G IR"^ and n is a positive integer. If f(x) is 
integrable on every interval (ojA), A> o and f(x) = 0(e®^), x 
the Laplace transform F(t) of f(x) exists for all t £ (Bjoo) 
and defines an analytic function Hence L„ ^[F(t)] is 

A -I 5 -X. 

well defined for all n >[Bx ]5 the integral part of Bx. An 
explicitly f-dependent integral representation of 
obtained by Widder [ 89] is as follows 


C 1 • ? ) L^^ ^^[F(t)] — 


n' 


, ^ -nu/x n . . 

{■") I e u f(u) du 

o 


In order to make the dependence of ^[F(t)] on f more 

xl ^ X 

clear -we write 


(1.3) 2 J Q-nu/x .^n _ j/i [f(t)] , 

r(n+l)x^+l 0 

without explicitly bringing the Laplace transform F ( t) of 
f(x) into the picture. 

Let B* denote the class of all functions f defined 
and locally integrable on 1E‘*‘ such that for some positive 
constants b,B there hold 
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(1.4) f(u) = 0(u~^) , u o+ 


and 

(1.5) f(u) = 0(6®^), . 

Then, for a f £ B''' the integral defining (^>o) 

exists for all positive mimters n > max {BXjb} At this 
point we also notice that if 


f . ( x) 

® L/(x), 

where f 6 B’*', then if 
integer n and x > o, we have 


X < 6 

X ^ 6 , 6 > o, 

exists for some positive 


a -* o 

where F^(t) denotes the Laplace transform of f^(x). 

0 0 

In this chapter we study some basic qualitative and 
quantitative approximation properties of the operators 
and certain of their linear combinations. 


l. g QUALITATIVE APPBQXIMATION PROPERTIES 

For a real sequence { ^ variation of 

{ }, is defined to be the number of sign changes of the 

elements aj^ considered in the sequential order. Thus, for 
example v { 1,-2, S, o, -1,-2 }= 3. For a function f defined on a 
subset of real line,v(f), the variation of f, is defined by 
/(f) = sup V {f(x^) } , where the supremum is taken over all 
increasing sequences contained in the domain of f. An 

operator L is said to be variation diminishing if for all f 
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in the domain of L there holds v(L(f)) < v(f), where these 
variations are counted on the domains of L(f) and f, respectively 
THEjOREM 1.2,1 The operator is variation diminishing. 

PROOF In order to prove the theorem it is sufficient to show 
that the kernel of the operator is strictly totally positive 

(see Karlin [34] ). Thus, for arbitrary increasing sequences 

k k ^ , 

{X } and {t } of positive real numbers, we have to show 
•J J=1 J 0=1 

that the determinants 

A, = det (IC(x ,t )) ^ ° ( k = 1,2,3,. .), 

where K (x, t) = ^-(n+l) ^n ^-nt/x ^ 

^ r(n) 

Using the fact that the kernel K(x 5 t) = e”'^'^^ is 
strictly totally positive [ 34, page 15], we have 


det / ^i^i, j=l 


^ O 5 


where Xj^'s and t^'s are as above. Hence, also 

A = ^ ^ t^ } { TT x^ } det (e ^^0 ^ ) 

k t.(n) -n .1 . 1 


k 

1 ? 0=1 


> 0 j 


0=1 ^ i=l ^ 

which completes the proof of the theorem 

A function f is said to be k-convex if f [x^jXj,. ,xj > o, 
where flx^^jX^^, order divided difference is 

inductively defined as follows f[ x] = f(x),f[x,y]= (f[ x] -f[ y] )/(J5'y) 

i [x., C Xq? mXjj^I 

f [Xq,Xi,. ,Xjjj, <tn>o) 

An operator L is said to be k~convexitv preserving if L [ f] is 


k-convex whenever f is so. 
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THEOREM l.g.2 The operator ^ preserves generalized convexity 
of any order. 

PROOF Let f £ B* and he ^-convex. Then f [ x^, ,Xj^] > o 

for an arbitrary set of distinct points x^jx^, jX^ belonging 

to IR^ . lilting K (t) = 7 ^ t^ e"^^, it Is easily seen that 

^ r(n) 

)[x^, ,xj^] 

= ( f(tx)I^(t)dt) [ x^, . ,X|^] 

OO r “1 

= ( f(tx) [xq,., ,x^] ) K^(t) dt 

OO 

= J'q ^^1’ K^(t)dt . 

Now, since K^C t) ^ o, the k- convexity of f implies that 
(M [ f ] ) [x^,.. ,Xt. 1 > o. This completes the proof, 

Hj X ^ Q tv-* — 

A real valued function f is said to be star shaped on 
an interval I, if f('=<x) < °(f(x) for every =< G [o,l] , x G I. 

A study of such functions is made in Beckenbach [ 2] , Bruckner 
and 0strow[8} and Popoviciu [ 61] Lupas [ 49] established 
that the Bernstein polynomials map a starshaped function 
into a starshaped function. The Post-Widder operators 
also possess this property 

THEOREM 1. P.3 Let & denote the class of all star shaped 
functions on (o,oo). Then, if f £ S and [f] exists 

for all X G (ojCx? ) ^ also f ] G S. 

PROOF . The proof of the star shape preserving property for 
the operators turns out to be rather simple. For, let f £ S 

and °< £ [o,l] . Then, 
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n 


n 


oo 


< 


and hence M [f] £S. 

^ JC 


r(n) 

n 


J- f(t=<x) t e 


n -nt 


dt 


n 


o 

-OO 


^ =(f(tx) dt 


r(n) 


¥e close this section mth the following remark 
A similar study, as done in the thesis, can also be carried 
out for the more general operators defined by 


p,x ^ '3 

where p is a real number 


1 Act)*"-"® 


r(n+p+l) ^ 

Indeed, when p = e, the operator 

Mn, p, X reduces to the Post-Widder operator Also, it is 
interesting to note that amongst all the operators 
the Post“Widder operators are the only ones that possess the 
area preserving property * For, it is easily seen that 


OO 

Yn. OO 

= __n j 

rn-p o 

= J'°°f(x) dx, 

o 

if, and only if p = o. 

1,3 SOME EVALUATIONS AND A REGIBRENGE FORMULA FOR MOMENTS 
Using the definition of the operator one 

can easily obtain the following evaluations . 


(1.6) [t*^] 


r(n+k+l) ]tc 

T' ^ j 

rCn+Dn*^ 


dt. 
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for every real numter k satisfying n >-(k+l) From (1 6) it 
IS evident that ^ t ’*^^1 as n oo , 


The k-th moment y i-(^) (k = Ojl,?, 

n j K, 


) of the operator 


yi ^ is defined by 




From (1.6) it follows that 
(1.7) 


( 1 . 8 ) 


k . k. 


= , (n>-(k+l) ), 

P=° ^ r(n+l)nP 




M [ tl = x+ x/n, 
n j X 


M 


[ t^] = x^ ( 1 + I + ^ ) and 


n^x 


n 


n 




M._ „ = X' y 


and 


(1.9) 


n,x 




n, 1 


(x) = ^ and 


n 


/ \ 2 , 1 , 2 ^ 

^ ^ n “p^ ’ 
y n'^ 


Also, for n > wix, •=< a real number, we have 

(1.10) = 


'‘tn , (1 . n - <» ). 


n 


now obtain a recurrence formula for the moments 

yj^^l^(x) in 
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le mma 1.3.1 For k = lj?j. .y we have 

PBOOF From (1 7)^ for k =1,^^ , we have 

^n, k+l<^^) = ^njk+T^^^* 

By definition the left hand side is 

= x j °° (t-x)’^'^^ t^ dt > 

r(n+l)x^'^ o 

= “(n+l)yn,k+l(^) -(k+Dxy^^^Cx) 

„ „n+l oo ir+l n -nt/y j j. 

^ a Q j (t-x) t t e dt 

rCn+Dx^"^^ ° 

= ~(n+l)i^^^^^l(x) -(1 + 1)> +§%,k+2C^) +« Vii,k-fl^^) 

Hence, 

(k+1) ^ Ci'H 1) iij^^ (x) + (k+l)x X i^n,kh2*‘^^ 

- ** 

jL 41 6 • ^ 

'n.k+l^^^ ■■ ■ S ’‘n,k+8^''> = °- 

Replacing k by k-1 we have the recurrence formula (1,11). 

1*4 A FEW BASIC LEMMAS 

LEMMA 1»4.1 5 For k = o,l, ?,..*, x"”^ k^^^ does not depend 

on X and 

(1.12) = 0( n 2 ■*), 
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where [■“^■^1 depletes the Integral pai i 

of JSLl . 

2 

pBOOF That x“^ y (x) is independent of x is evident from 

n ^ fC 

(1,7) The formula (1.11) may be re-written as 


, h+ 1 


= n '^,k + '’n,k-l> 


The lemma is obviously true foi k = 0,1, 2. Now, assuming it 
to be true for k < ra , we have 


ni+1 


- S {( 

'^n,m+l ® 


r nu-1 - 1 r 

") 0(n“ ^ 2 h + 0(n" '■ 2 ■' )> 


m- 


) } 


a { 0 (n- 

r dl+P-j 

0 (n" '-“2 ^ ), n - w , 

showing that the result is true for m+1 Hence the lemma follow" 
by induction, 

LEMMA 1.4,2 For k= o,l,2,. there exist constants 
^k, o’ '^k, 1 [k/2] 


(1.13) 

PROOF 


n, k 


n 


p-o nP 
From (1,6), we have 

r(n+p4-l) 




r(n+l)n^ 


= (1 + ;^) (1 + 

P ^ 

= I . 

1=0 


p-i' 
n ' 


(1 + h 


for suitable d 's 
P? 1 
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Hence , 


_ I (.iii'-P rS £ 


p=o 
k ^ 


P 1= 


n" 


= S 

po 

But, by Lemma 1,4.1, 
a 

n, k 


'k, j 


n J 


?for suitable a, 's 


^ J 


r k+ l ~i 
0 (n" ^ ? J) 


Therefore aj^ ^ = o for j = o,l,. , [ k/2] 

Hence , 

‘^n, k 


k,o 


n 




k 

= 2 

— r k+l -i 
J -[ 


_ [-%i] “^k, p 

= n *- 2-i 2r L£. 


p=o n 


P 


where [l^j . 


This completes the proof of the lemma. 

Let x>6 > o and I (x) = (x-6,x+6) We denote the set 

S 

(o,og)\ I (x) by J (x). 

6 o 

LEMMA 1,4,3 . If f £ B* then for an arbitrary k>o, 


(1.14) e_i_ X f(t) t“ at = o(n-t, n- CO 

r(n+l)x^'*'^ 

Also, ifo<6 <a<b <co, then (1.14) holds uniformly in 

X £ [ ajb] . 


PROOF , For t £ IgCx), it Is easy to see that 


sup ( i = { 

tP .T- ( vN ^ 


x+S 




X 


X ) 


n 



19 


Hence, for two arbitrary numbers 5 q,Aq> o, o < 6q < x-5 < < oo , 

we have 


n+1 


n 


n+1 


-nt/x 

f(t) t e dt 


r(n+l)x [ 5 05 -^o ^ 


n' 


n 


/ 


[So, AjMsCx) 


f(t)x'-^l ( 


n ^ _ X+a „ 

-1| ,x±d_ e X fat 


X 


< 


n 


n 


r(n) 


C-^L+L. e‘ 
^ X 


n 

X )^B, 


where B = X I f(t)x‘5-|dt , 

[So.AolX IjCx) 


By Stirling's formula 


n / 

2_ (StSe- — + 


r(n) 


and it is easy to see that for some t > o, e < l~t 

JL 

(also uniformly in x £ [a,b] ), follows that 


(1.15) 


ja 


n 


nt 


; f(t)t^e‘ X dt = Q^n'*’^) jn.oo^ 

r(rw-l)x"+i [ 6 o,Ao1^ 


for an arbitrary k Further, (1.16) holds uniformly in 

X £ [a, b] provided Sq^Aq are fixed and o <6o<a<b<AQ<co, 
Now, since f £ B'*' there exist m, bfjj> o such that 


1 f( t) 1 < Bjq t“°^, o < t < b^ . 

Let us choose 8q> o such that for som9 1> £> o, < min {bin5"^'Q"^' 

(for X £ [a, b] we choose Sq ^ ^ )) » 


?0 


Then, 


n+1 


n 


r (rH-l)x' 


rw-l 


n+1 


< B 


n 


. T \ n+ 1 

r ( n+ 1 ) X o 

pn-»l 


o , . n -nt/x 
J f(t)t 6 dt 

o 


; dt 


n+1 


= B, 


n 


o 


^ / 1 \ n+ 1 / T \ 

r(n+l)x (n-m+1) 


fiince 


n 


n+1 


’o n 


r ^-F~> 

r(n+l)x ^ 


X ^ 


ed n 


and by the assumption on ^ , 


wa have 


n+1 


n 




X 


n - 


< 1-e, 


nt 


r(n+l)x^'*'^ o 


J f(t)t"' e~ ^ dt =o(n"^), n -* oo. 


(and uniformly for x 8 [a, b] ) . It follows that 

( 1 . 16 ) - 


n+ X ^ r\ 

^ J f(t)t^ Q-nt/x ^ o(n“^); 


r(n+l)x^^ o 


n ■* oo 


for each k>o (and uniformly for xG [a,b] in the uniformity case) . 
Next, since f 0 b’*' there exist p, A^, a >o such that 

XT 


1 f ( t) I < Ap t > a^. 

Now, it is clear that if we choose a number >o such that 
for some £ >o, q.Q < ^“0(in the uniformity case <1-0) 

then there exists a t^ >o such that for all t > t^, t < e^o^. 
If we choose A^ >max { a^, t^, ^ log (|)} 

(in the uniformity case A^ >max { Up, t^, i log }\then 



?1 


n 


n +1 


< 


r(n+l)x^ 


Since 


n+1 

n+1 


r -nt/x 

X f(t)t e dt 

A. 


■o 


oo 


r(n+l)x^'^^ 


X exp { t p 


^ + q^^nt } dt 


A^ n 


n+1 


r(n+l)x^''‘^ 

A 

,...-9. 

r(n+l)x^'^^ 


oo 

X exp 
A. 


t {P - n(i - Qq) } dt 


0 

oo 


exp t { p - n£ } dt 


A. 


_^n 


n+1 


r(n+l)x' 


n+1 


A 


(^) 


exp A„ { P **nG 


(ne - p) 

exp Aq { p - ne } 




e 


^ sA 2 wn X ^ 6 

1-e^ ei‘<e/e)iog(®/x) 


X 


< 


= 1 


X 


( and in the 


laniformity case 


1-e A 

2. < ^ < 1, x6 [a, bl ). 

X X - I. 7 . 


It follows that 


(1.17) 


— X f(t)t^ Q-nt/x n-*- oo, 


rCn+Dx^"^^ A 


o 


for each k >o, and that (1.17) holds uniformly in x 6 [a,b] 
in the uniformity case. 

It follows from (1.15), (1.16) and (1.17) with Sq, A^ as in 

(1,16), (1.17), that 

n+1 ^ . 

dt = oCn-l^), n - oo, 

r(n+l)x"'*'^ j (x) 

0 
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for each k >o, and that this holds imiformly in x £ [a,b] 
for each fixed interval [a, b] , mth o <6 <a<b<°^. 

This completes the proof of the lemma. 

1.5 BASIC CONVERGENCE. ERBQR ESTIMATES MD ASYMPTOTIC FORMULAE 
The following theorem , which is a simple consequence of 
Lemma 1.4.3, establishes the basic convergence of the operators 
^ for f £ B*. 

THBORLM 1.5.1 . If f £ B*^ and is continuous at a point 
X 6 ( 0,00 ) , then 

(1.18) lira 

JQ OC ^ 

Further, if f(x) is continuous on [a,b ] C (o,oo), then (1.18) 
holds uniformly for all x £ [ a, b] . 

PROOF Since f is continuous at x, for an arbitrary £ > o 
there exists a 6 >o such that lf(t)-f(x)| <6 whenever 
1 t-xl < 6. Let I^(x) and X(x) be as in Lemma 1.4.3. Then 

0 o 

for all t e (o,oo) ve can write, 

|f(t)-f(x)l <e+ { lf(t)l H- lf(x)l}x , . 

JjU) 

Further, if f(x) is continuous in [a,b][ then the above '5' 
can be chosen independent of x £ [a, b] and therefore tlie 
last inequality holds for each x £ [a, b] . Operating on 
this inequality by the operator x:’ 'we 

I x ^ ^ ■■f(x) 1 < £ + lyL [ ( 1 f( t) 1 +t f(x) 1) X 3 } 

which by Lemma 1.4.3 and due to the arbitrariness of £ yields (1.18) 
Hence the proof is complete. 
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TH£OR£/M 1, 5. ? If f 6 B**' and is continuous on IR"^, then 

for all X G IR"'", 


(1.19) I [f(t)] -f(x) 


< (l + x^(l + ^ w(fjn“^'^2) 


where w(f,6) denotes the modulus of continuity of f, 
Another estimate is given by 


(1.20) 1 [f(t)] -f(x) 1 < (1 + X /^;7|”>a)(f,n“l/2), 

PROOF ” We have 


(1.21) [f(t)] -f(x)| < [ lf(t)-f(x)l] 

But, for X, te iR^lf (t)-f(x)l < a)(f,lt-xl) 


C1.22) 


= a)(f, itiiL-n"l/2) 


n' 


- 1/2 


< {1+ a)(f,n"^/^). 

1*“ i-/ 


n 


Therefore, since ^ [ 1] = 1, 


K,x ^ Mn,x 


<a+ 

n“l/2 


(by Schwarz's inequality) 
= { 1 + X '-/l+p/n } a)(f ,n~^/^) , 
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This establishes the estimate (1.20) 

In a similar manner, ye also have 

i -jj. [f( t)] < { 1+M [ }w(f 

3 n,x 

= {l+x^(l+?/n) } 

which IS the same as (1.19). This completes the proof of 
the theorem. 

THEOREM 1.5.3 • If f £ B* and f' exists and is continuous 
on IR^, then for all x £ IR'*' , 

(l.SS) -f(x)l i xlfllilL 

+ {^vri+?7n + Rjl +- 5 )^ t 

PROOF By the assumption on f for all t , x £ IR"^, we have 

f(t) = f(x)+( t-x)f ' (x) + (t-x) (f'(n) - f»(x) } , 
where n lies between t and x. Therefore, 


(1 24) 


lf(t)-f(3c)-(t-x)f '(x)l < 1 t-x| 1 f’(n) - f’(x)l 

< lt-x| (1+ (.(fSn'l/^). 

^-1/2 


Operating on this inequality by get 

“f(x)| < 2 £ . LflLx} ., L + { [ I t-x 1(1+ } a)(f%n^^^; 

= +{M ^ [|t-x| + 

n n’1/2 


4. { - . g . - , /1+2/n + — - (1+^) } a)(f',n“^^) 

J n si n 


_ ^ ^ ' v/T+S/n + x^Cpi^ + ' q/p ) > w(/,n'“l/^) 
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The following theorem determines an asymptotic 
formula of Voronovskaja type for the operators ^ We 
denote by < a,b> an open interval containing [ ajb] 

THhQRfiM 1 5.4 « If f £ B* and f” exists at some x £ IR^, ohen 

(1.25) [f(t)] -f(x) = ~ [ 2xf ' (x)+f "(x)t + o(n“^),n— oo , 

Further, if f*’ exists in < a,b>c:iH'‘ and is continuous on [ajb] 
then (1,26) holds uniformly in x £ [a,b] 

RHOQF Under the assumption on f, we have 

2 ^(k)/^\ k 

(l.£6) f(t) - 2 (t-x) + h(t}x), 

k=o kl 

where h(t,x) £ B and is such that given an arbitrary £ >o 
there exists a 6 > o such that 

(1.2)Z) |h(t,x)l ^ GCt“x )^5 It-'xj <d. 


Operating the inequality (1.27) t)y ly^ ^ and Using Lemma l-4o3, 

W© g6t 


[h(t,x)J I <£ ^x[(t“X)^ + ^.xN^C'tsX)! X r ( 

' 7 ? 5 


(1,2S) 


= e ( -^+ 2^ + o(n-l), n 

n^ 


cx? 


Further, if f^' exists in < a5b5> and is continuous on [a^b] , 
then 6 in (1*27) could be chosen to be independent of x* Hence 
in this case, the o-term in (1*20) holds uniformly in x £ [a,b] 
It follows, due to the arbitrariness of £, that 


(1.29) t,x)] = o(n“‘^), n-* oo , 


)(t)] 
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Further, in the above mentioned uniformity case (1.29) holds 
uniformly in x G [a,bj . 

Hence from (1.26), 


Mn [f(t)i = f(x) + ^f^:^ r_£ + 2^2 . . 

n 2 L ^ j + oui 

= f(x) + i [ 2xf'(x) W^'(x)] + o(n”l), n - oo y 

and in the uniformity case, this relation holds imiformly in 
X 6 [a,b] . This completes the proof 

The following result generalises the above theorem 
and will be used in the theory of linear combina-hions of the 
operators in section 1 6, 

IHgQRFM 1.5.5; If f G B* and exists ( k = 1}2, . ) at 

a point X e IR"^ , then 


p=o P ’ ^ 

Further, if exists in < a,t >c. and is continuous at 

each X G [ a, b] then (1.50) holds uniformly in x 6 [ajb] . 
ERfiSH s The theorem can be easily proved along the lines 
of the proof of Theorem 1.5.4. 

1*6 LINEilR GOLffilNATTOMB 

The m~th linear combination of the operators M 
fml n,x’ 

denoted by is defined by 
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L mj 

(1.31) [f(t)] 


O ^0 

n M [f(t)] ~i~ -i 

™ o<. c(^ 


i 

c^m-l 


tn-l m-1 m-1 


where are certain fixed positive real numbers and 

is the deterraincunt obtained by replacing the elements In the 
first column of the above dete-'minant by the entires 1 
Linear combinations of this type uere introduced by Babhore [ 67 j 
mHRnRRM !.{=,. 1 - If f £ B* and (v - i.o. i._.^ p.-y-ic.t.c 


(k = l,2j i* , , ) exists 


at a point x £ IR*' , then 


(1.32) ^ [f(t)] - f(x) = 0(n"^), n- oo , 


and 

[k+1] _ 

(1.33) M [f(‘t)] ~ f(x) = o(n”^)3 n CO . 

Further, if f*^^k) exists in < a,b>CiR''‘ and is continuous 
at each x £ [ a, b] then (1.32) - (1.33) hold uniformly 
for each x £ [a,!] . 

PROOF If f^7k) (x) exists, then by Theorem 1,5,5, 

M [ f ( t) ] “f(x) = E y (x) + o(n"^), n - oo , 

X Ji I 1 1 j X 

and this holds uniformly in the case when f^^^Hx) exists 
in <d, b> and is continuous on [a, b] , Therefore, 
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[k+i3 

(1,34) M [fCt)3 -f(x) 

Jv 

2k „(r)/ N 

2 (X) 

r=l ri o ’ 


2k At) 

2 

[•=1 ri 


^c< ^njT (x) 


\+l 





^°Cj^ n, r C^) 


% 


+ o(n~^) , n oo , 

and that (1.34) holds uniformly in the above mentioned uniformity 


case. Also, from Lemma 1*4,2, 


r. £.1 

_ r r+ll L 2^ 
P=o 


Putting the 


values of the moments ij 


o(Qn,r, ^n^ )•••> ^=<^ri,r 


in (1.34), 


■we get (1.33), From the above proof it can be seen that (1,32) 

also holds. Further, (1*32)-(1.33) hold uniformly in the 

# 

imiformity case. This completes the proof of the theorem. 


:HE0REM 1.6.2 s If f e B and f 


(2 k) 


exists and is continuous 


on <a, b >ClR'*' , then for all x G [ a, b ] , 

(1.35) l^x^^^[f(t)] -f(x)|^ max {-% u(f^^^^n“^^), > , 

where C is a constant depending on k, c' is a constant depending 

on k and f both and oKf^^^^ jS) deno-tses the local modulus of c ontinuity of 

f(2k) on <a, b> . 



P ROOF 

write 


With the hypothesis on f, for all x £ [ ajb] 


5 


we can 


(1,36) f(t) = 2^ - — ■ — ■ ‘^^ )(t-x)P + X. At) 

p=o PJ (2 k) I <a, D'> 

+ h( tjx), t > o, 

where denotes the characteristic f-unction of <a,b>,ri 

lies between t and x and h(t,x) is a certain function belonging to 

B’*' such that it vanishes for t £ < a, b , Using the 

[k+l] 

definition n£ [f(t''] (l>36)j for some constants 

B,j j=o,l, , .jkwe have 


.[ k+l] 


k 

{ B. 

J =0 ■) 

(since B + = 1) 


[ f(t)l] -f(x) = 2 ^ n,x f -fCx)]), 


k 

= 2 


.1 t=(,n,xL 


J— 0 J p_Q pi 


X (t)+h(t,x)] -f(x))> . 

Nclj D ^ 


Thus 5 defining 
T 

we have 


=< .n °< n+1 
J r(o( n+1) 

J 


c< n _=< nt/x 
t ^ e J 


[ k+lj ^ Lk+J 2k ^(p). , p 

M [f(t)3 -f(x) = X _X_U&(t-x) ]-f(x)} 


n, X 

k 
2 

J=o J 


’p=o 


+ 2 B J,, (t) at 

fen 3 0 (;2k)l 

^ oo 

+ s B ; h(t,x) I n (t) dt 

J =0 ‘JO ’ d 


(1,37) 
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In view of Theorem 1,6,1 ( we use 1,33 with k replaced by k+l)j 
it is clear that 

(1.38) [2^1 < 5 

where Cj depends on the maximum modulii of various derivatives 
f^^^(x) on [ajb] and is independent of n. To evaluate 2 
we proceed as follows s 


(2k) I 


<a,b> 

nn 4 “ 1 


oo oir oc Sk + l 

iS (t-x) ^ T „(t)dt + 1 ; It-xl T (t)dt}. 
(2k) I o XjoCjn 6 Q x,o(^.n 


Xyoc^n' 


The last expression does not exceed 


X C2k) 

t^(f : d 

(2k) I 


(c<jn) 


6(°^in) 


k+1/2 


where A|^ and are constants independent of n. 
Hence , 


Sgl < 


w(f(^'k)« 5) 

(2k) I 


2 IBJ ( 

j=o ^ 




(■=<jn)^'*'^ 


and with S = n“^^, we have 


(1.39) ISgl < 




Finally, since h(tfx) vanishes for t 6 <a,b>, by lemma 1.4.3 we 
have 




= ), 

uniformly in x £ [a,b] . 
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It follo'ws that 


(1.40) j2^1 < 




n 


k+1 


for some constant Gg Independent of x and n. The estimates 
(1.38) - (1.40) prove the theorem. 

COROLLARY 1,6.1 If f G B* and f^®^^ exists and belongs 
to Lip o < a< < 1 on the interval <a}b> } then 

(1.41) f(t)] -f(x)l ^ M X £[ a,b] 

where M is a constant independent of x and n. 

falrailarlyj we can prove the following result for odd 
derivatives of f. 


THEOREM 1.6.3 s If f G and if exists and 

is continuous on <ajb>, then for all x G [a, b] , 

[k+l] (2k+l) c' 

(1.42) [f(t)] -f(x)l 1/ ), 

where C is a constant depending on k,c’ is a constant 
depending on k and f and u)(f ,6 ) denotes the local 
modulus of continuity of on <a, b> . 

COROLLARY 1.6.2 If f G B* and f^^k+l) exists and 
belongs to Lip <=<, o < ■=< < 1 on the interval <a,b >, then 

[ k+l] »lr« i fl-fc<) r T 

(1.43) [fCt)] -f(x)! ^ M n ^ ^ \xe [a,b] 

where M is a constant independent of x and n. 



CHAPTER II 


BEST ASYMPTOTIC CONSTi^Tb IN ERROR EbTIMAT ES 
2.1 INTRODVCTION 

let n = I5?}. be a sequence of operatois 

defined on a domain D of funi^tions. Let D’ be any subclass 
of D. If there exists a numerical sequence -> 0 as n 00 
such that 


(?•!) lim sup 1 Lj^(f ,x)~f (x) I = C^(x), 

n c>o r £ D’ 

where C^(x) is a positive number, then C^(x) is called the 
Nikolskii constant corresponding to the order 0^^ of 
approximation of the class D' by the operators L^. The 
Nikolskii constant corresponding to D',a Lipschitz class, 
is termed a Lipschi tz-Nikolskii constant. 

Let as usual, denote the modulus of 

continuity of f. If 

lL^(f,x) -f(x)l 

(?,p) llm sup ^ ^ = C(x) > 0 , 


where 0 as n 0O5 then G(x) is called the best 

asymptotic constant with modulus of continuLty 
the operators L^. 

In this chapter, we obtain the Lipso^i tz-l^kolskii 
constants and the best asymptotic constants with modulus 
of continuity, for the Pos t- V^frdder operators ^ 

also determine the best asymptotic constants in the case 



33 


when the argument in the modulus of continuity of the 

function f depends on x. It xS interesting to note that 
with a proper choice of the argument the test 

constant turns out to be the same as the one obtained by 
lilsseen [IS] in the case of Bernstein Polynomials* 

P.2 AN h&TIMATION 


In order to obtain Lipschitz-NikolsKii constants for 
the operators 
M„ „ [1 t-xl"^] , > 


M , we require an asymptotic evaluation of 

il j X 


n, X 


For this we proceed as follows 


By the second equivalent form of the operators M , we have 

II j X 

xt~x t e dt 




n 


J 


00 


n' 

r(n) 0 

.n c< 


n 
r(n) 

r(n) 


X 


,oc 


! 

0 

I, 


t-ll 


t^ dt 


say. 


For the values of t b IR"'’ satisfying 1 t-l| < n 

-Y 


“Y 


where 1/3 < Y < 1/2, we 'have t = 1 + Qn 

) lies between -1 and 1 We define 

■Y 


where 


1, = ; 


i„,^ ,, ^ -Y^n _n (1 + 0n“^'’ 

|0 1 n (1 + 0n ) e 


^here 0 is related to t by t = 1 + 0n' 
'hus 


- Y 


and put Ig = I - 


K 


n,x 


[ I t-xl 



o( n 

r(n) 


dt, 
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Now, 

(1 + 0 n“^)^= exp n ^ 0 n~^ 






= exp { Bn 


^ -f H- 0(1) } 


(uniformly in 0 t [-1,1 J). Therefore, 


In = ; lei"^ n 


-1 


I °c „Y°< _n4-o(l) cP l-^Y _Y 

-■ I - n ^ > n cl 9 


exp{ 


o„~‘Y('^l) -n+o(l) 1 , .=< n? 1-2Y 

- 2 n e ' ^ / |0 I exp {- n ^ } d 0 

r\ n 


NOW, putting 0^“^^= 2t 


we have 

I 


n Y“l/? Y~l/S 1 a -j- 

i, 0 = n yfWtf d0 - n 


1 ^1-?Y 

= /? n "^ f „( l +«)( v - i ) ^ 

0 


±2 -1 
2 e d t 




o 

0, - ( .I±^— ) -.n -i.oC 

= 2 s 72 n ^ 2 e r (^”^) . 

/• I 


- 1> e-* dt 


Thus 


x°^ n^ 
r(n) 


an e-n 


A/ 


r(l|5) 


e-“ 


r(^; 

^ 2 

^7^ 


,Px^ ^/2 
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Further, we have 




^ n n "h 

= j |t-ll t e-""^ dt 


i ’( n ) 


t~ll in-^ 


< 


n o( oo _ , ^ 

j I t-l|^^ t"^ n>'^2s-=<) 


r(n) 0 


(where s is any integer >'=^/ 2 ) 




o( yCSs-^^) -] 

X n 0 (— i_) (from evaluations of Chapter I) 


n 


“"</2 


o(n ) (because Y(?s“=<) - s < i C2s-°<)-s = -°^/2) . 


Hence 

(^• 3 ) 


r(l+°<} 


'•nr 


c </2 


2.3 THE LIPSCHITZ--MIKOL&KII CONSTANTS 


In this section we use the asymptotic evaluation ''2 3) tr 
obtain Llpschitz-Nikolskii won tants for M . 

xl ^ X 

THEOREM 2.3.1 If E (^,x) = sup ( 1 Eh ^ -f(x)l } ^(x > o, 

where the supremum is taken over all functions of the 
class Lip o( (0 < ®< < 1), then 

^ ~ ulA 

(?.4) lim n*^^^ E^(°<,x) = — ^ - (2x^) * 

cx? '/tt 
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PROOF If f G Lip^ then lf(t)-f(x)l < j and 

also the function, g(t) = j t-xl*^ £ Lip Hence, 

1 t-xj J 5 using the linearty and positivity 
of and the fact that Therefore, by (2*3) 

urn n-^/S y=<,x) = lim (-§£) =</2 

n-^oo n-^co f ^ 


r(^) 


2 s V2 


_ — ( ?x^ ) 

This completes the proof of the theorem. 

THLQREM 2*3.2 . If E„(®(,p,x)= sup{l M [f(t)-l ii::2d f^^\x)] 

n ^ n,x 

(x >0, p = 1,2, ) where the supremum is taken over all 

functions with 6 ^ < 1)} then 


g(pf3aC-S)/2 p+o<+l ^ ^p+c< 

< lim E C°<,p,x) 

( 1+°^ ) ( 2+°( ) , , ( p+^t yj IT n -*• oo ^ 

(2« 6) 

<liin(P*^)/? E„(«,p,x) < . 

- n - oo " (!+'=<) (?+°^) .(p+=<>/^ 

In order to prove the theorem we require the 
ollowing lemma from [ 67j . 

iEM^IA . The function f(t) « | t-xl”^ sgn (t-x) £ Lio , 

There x is a fixed real number and o < <=< < 1. 

ROOF OF THLORLM . 2.3.2 . To prove the second inequality 
n (2.6), if f^^^^ 6 Lip^ °<, ye have 


\ 
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p 

f(t) “ L 



k=o 

kl 1 



< j 

J 

X 

• ic 

< 




X 

X 


1 t-X 



X X 


p- times 

.(P), 


^ If^^^(t) - f^^''(x) 1 dt ,dt 

.°c , . 


(l+'^)(2+°(). (pH-°() 


t X 

where J for x > t is interpreted as ■* J . Therefore, 

•3C t 








n 


lira n^2 ' E^(°<,p,x) < lira 

n -»» oo " n -> oo (l+°()(2+‘=() . «(p+c<) 


2 ? ^ r((p-f^+d:)/?)xP+°^ 

— " ' ' " " ' ^ ' • 

( l+o( ) ( 2 +o( ) ( pf c< ) 

The first inequality in (2.6) follows from a 
consideration of the function f(t) = ] t-xj ^'^/(l+o() (2+o() 
For, by the above lemma it easily follows that f^P^ G Lip, 


This completes the proof of the theorem, 
COROLLARY 2.3,1 We have 


( 2 . 6 ) 


lim n ^ ]ij^(l,p,x) 

n -♦ oo 


9^^ ^ rfp/S+l) xP^^ 

(p+l)i v/tT” 


dt dt 


Cp4-o()2l"°^ 

C<* 


^ ( X > 0 )• i 


PROOF . Putting °C = 1, the corollary follows from theorem 
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2,4 AN IMPROVED ERROR ESTIMATE FOR CONTINUOUSLY DIFFEBENTIABLE 
FUNCTIONS 


In this section, we obtain an ittiprovement over the 
error estimate of (1,23) for continuously differentiable 
functions. Let f 6 B* and let f exist and be continuous 
with the modulus of continuity Then, we have 

lf(t)-f(x)-f '(x)(t~x)l = IJ-^ (f »( t)-f '(x)dt| 

X 

< 1 J^lf '(t)-f '(x)ldt| 

X 


and therefore, 


< 1 (1+ Liz^L) w (n“l/2)dtl , 

- X ^-1/2 


(2,7) lf(t)-f(x)-f '(x)(t-x)l <{lt-xi + (n-1/2). 

2n-l/2 f’ 

Operating on (2,7) by we get, by (2*3)} the improved 

estimate 


( 2 . 8 ) ~ 

< - 0 ( 1 ) ) . ^(1 . |) ) 

In a similar manner the error estimate (1.20) can be 
improved to the following 

(2,9) [f(t)] ~f(x)l < {1+ x(vr^+o(l)> tt)^(n“l/2) ^ 

where f £ B* is assumed to be continuous with the modulus of 
continuity 



39 


Indeed in the next section, we shall fiorther impiove 
(?.9) hy obtaining the best asymptotic constant mth the 
modulus of continuity (o ) , 

9.6 BEST ASYMPTOTIC CONSTA N T WITH MODULUS OF CQimHUlTy 


The following theorem gives the best asymptotic 
constant with modulus of continuity, for the operators M , 
where, in addition to the dependence on n, the argument in the 
modulus of continuity also depends on x, 

THEOREM g.5.1 s Let «)> be a positive function on (o,<^). If 


(?.10) Cj^(x) = inf {C -f(x)l<C w^(<^(x)n"^'^2), 

for all continuous f6 B*}, (x'^O), 

then 

OO 

(2,11) C^(x) = Goc(x) = ? S (J+1) ( <!> (2j+2) - <(> (20) > , 

n X 3c 

where 

^ . _±ai j-y e- 8^2 

^ P^raf 

PROOF . Using well kno\wi properties of the modulus of 
continuity , we have 


|t^^[f(t)] ~ f(x)l < [[ — 3 (x)n’^/^) 

’ ’ 4>(x)n-1^2 

s: G*(x) w (<}> (x)n"^^)j 

^ f I t>-x| 

rfhere [ . ] stands for the integral part and G* = 
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Thus Gj^(x) < Cj^(x). We next show that for our operators 
C*(x) = Cn(x). 


Let e be a positive number less than <f)(x)n 


a./ 


Consider the function f 

G 

f ollows 


Kx)u 


“l/p ^ defined on IB 


+ 


as 


(i) 


Kx)n 


-1/2 (^) = 0, 


(ii) 


6 ) 'P 


(x)n-V2^^^ = h, t G [X +(K-l)<(>(x)n’-l/?+£,x+K<f>(x)n”^'^^'^ 


(K = 1,2,. .), 

^6, Kx)n~V2 on 

[X + (K-1) <)) (x)n“^'^^, X + (K-1) Kx)n'^/^ + £] 

([ K — X) 2j • « ) j 3Zid 


(iv) 


^e, Kx)n”^^ symmetric about t = x. 


It is easy to see that 


and 


lira f 


li) 


(x, <j>(x)n~^'^^) 


e, Kx)n-1/? 


1 + [liz^d ] ,t / X ± K 

K , t = X + K Hx)n-V2 


(K = 0,1,?, 

Since the points of the form x + Kh"”^'^^ ^(x), K = 0,1,2, * 
constitute a set of measure zero and is an integral- type 

operator, using Lebesgue's dominated convergence theorem, ive can 
write 
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£ ^ 0 ’ ’ Kx)n'’l/2 


According to the definition of G^(x), 

l“n X \ -1/2^*)] I i CjjCx) o (♦(x)n'^^®) = C (x) 

n,x e, ♦(x)n VS ♦(x)n-VS 

Hence, by (2.12), 

0»(x) = llm C«] < • 

G ->■ 0 

It follows that C*(x) = Cj^(x). 

Nov we determine the asymptotic valiie of 


^ %x [1 +[ . ]] = [f^l , say. 

First, ve observe that with 1/3 < r < 1/?, 

(2.13) 

where Xy is the characteristic function of the interval 
[x -(|>(x)n“^ , X + (|)(x)n""'^] . For, if m is a positive 


integer > 

11, [Cl-XY)f] < (1 + 

° nx)n'^ 


I t“ 3 cl „ )1 

<()Cx)n“^'^^ 


(2.14) 


0 (n-“^ ), 


(by(2.3)) 


= o(l), 


(since Y < 1/2) 



42 


Thus (2.13) is obvious from (2.14) and the fact that M [f^J > 1. 

n,x ^ o-J - 

In view of (2.13) and the result of (2.14), we can 

write 


n 


ri 


%x ^^^o^ _ n+1 

^(n)x 


(2.16) 




[ + x“) f„(t) t” at] 

0 X o 

x+ j<^(x)n''^^ 

(-j+1) X dt 




. 1/2 


[l|l/^Y] +1 

+ E ( j+1) 
5=0 


n' 


n 


r(n)x 


n+1 


j'-l) ^(x)n" 
x+( 5+l)<l»(x)n~l/^ 

; t“ at 

x+ j^(x)n-l/S 


= + 2g, say. 

consider 2 and 2 separately, 

1 

n-tL/2}^.^. ?i ^ / n -n(l+ ii^n-^/2) 

2 = 2 (-5+1) •— - ^ ^ S (1+ e 2x 

^j=-[#/^^-l r’(n) 2x 2j„2 


0 


ds 


(-0+1) {USOsnl/J 

«n)?xsj-2 


0 

= 2 


2x 


Sx'^ 


2x 




( o(l) holding uniformly in s and 5) 



Kx) 

2yif^ 


^ 0 

= 2 (-J+1) 


I e' 
P0“2 


4>^(x)s^ 


8x^ 


ds 


A similar analysis with Sg yields 


iv 


[ rIVa-T] +1 


s 

J=0 


(J+1) 


<t>(x) 


2j+2 


2 j 


*2, ^ 2 
- y (x)s 
* p 

Sx'^ 


ds 


Notice that the above asymptotic values of 
and, Sg are equal# Therefore, 


(S.16) [fj 


= 22 (j+1) 

j=0 



oo 

^22 (j+1) 

i=o 


Hx) 

2x 



OO 

= 22 (j+1) { ^ (2j+2)- <(>x(2j) > . 

j=0 


This completes the proof. 

As a consequence of Theorem 2.5.1, we have the 
following results i 
THEOREM 2.5.2 : If 

(2.17) B^Cx) = inf (C [f(t)J -f(x)| < C co^(n"^^), 

for all continuous f£B*}) (x> 0), 
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then 


00 


(?.18) B (x) 5; ^x) = 2S ( j+1) { <I>*(?J+P)- 


J=0 


X 


whe re <l> ( y ) 


?x 7^ “00 




THEOREM 2.5.3 If 

(2,19) = inf {C • [f(t)] ^ f(x)| C a)^(2xn' 

for all continuous f G B*> , (x>0), 


then 


(?.?0) D„ S I^= p j; (J+1) , /*(Pj+?) -/*(SJ)) 

0=0 

= 1 , 045564 . . ) 

where 4>*’''(y) = — ^ 

'J~ Ptt -od 

Notice that in the last theorem the constants 
Dj^ and Ebo are independent of x and moreover that Ebc is 
the same constant as occurs in the work ^f Esseen [18] 


1 / 2 ^ 


for Bernstein polynomials 



CHAPTER III 


DIHEoT,Ii mHSE AND SA TU RATION THEOREMS 
3 1 INTRODUCTION 

Let be a 'Sequence of linear operators and be 

sequence of positive real numbers which converges to zero 

as n oo , we say that L is ’saturated' with order ih 

n 

in d certain norm, if j ] [f] -f j ] = holds only 

for a 'trivial class' of functions and there exists atleast 

one function g such that j|Ljj[g] -g] | = 

class of all functions g belonging to the domain of 

definition of for which this relation holds, is called 

the 'saturation class' of the operators 

A’direct theorem' determines the order of 
approximation in approximating f by L^[f] if f belongs to 
a certain class of functions On the other hand, an 'inverse 
theorem' decides the class to which f belongs if the order 
of approximation of f by L^[f J is given. 

In this chapter we discuss three different approaches 
for proving direct and inverse theorems for the operators 
M . The first approach utilises Bernstein- type arguments and 
a commutativity property of tie operators theorems 

proved by this method are global, in nature. In the next 
section we show that certain iterates of converge to an 
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operator belonging to a serai-group of class (Cq) as has 
been the case with Bernstein polynomials and Szasz 
operators [ b3j . V^ith this we prove a direct and inverse 
theorem involving the limiting operators. Finally, in the 
last section we utilize certain results of May [6P] to 
obtain local inverse and saturation theorems for linear 
combinations of 
3.? COMMUTATIVITY APPROACH 

Iirst w© shall prove soitie creliminary lemmas 
LEMMA 3.P 1 - The existence of any one 

and implies that of the other and moreover the 

two are equal. 

The result easily follows from the Fubini theorem. 
LEMMA 3. P.2 Let f be continuous on [a, b] . Then for 

all X and t>0 such that x+t, x-t £ [a,b] , there holds, 

(3.1) I - f ( 3c ) I < Mt^ 

2 ? 

if, and only if f(x) exists and belongs to Lip^^ 1 
PROOF To prove the necessity part let 

Xt(x) = J-g jUOL +t) + ,. fLl- _t) - f(„)) da 

1 a 3 

Then, \ x (x) - X+(y)l < - Ix-yj. Hence \(x) is of 

t; ^ p u 

bounded variation on [a,b] , the total variation bounded by 

a quantity not depending on t. Now, since {x } (t^-» o, n ■* 

t„ 
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oo 

1 _i {Xj- } such that {X. } converges 

\i ^n, 


Is a sequence of functions of uniformly bounded variation, 

Helley's selection theorem guarantees the existence of a 
subsequence {x^ } 

pointwise to a function XCx) of bounded variation We 

consider the behaviour of 

^ f(i + Ln)+ f(x-tn^) 

X ((»(x) { f(x) } dx as k 005 


cx? 


where 4 >(x) 6 Cq (a, b), the space of infinitely differentiable 
functions having a compact support in (a, b). We have 


b f(x+t ) + f(x-tn ) 

lim [ X Kx) { ^ 

It- « v. ® ^ 

k 


- f(x) } dx] 


b+t 


lirofl ; 




f(x)dx + X 1- f(x)dx- X 4 '(x)f(x)dx] 


k oc 


( 3 .^) 




a+ 1, 


n. 


a- 1. 


h 


k 


-lim [X 
h -»■ 00 a 


b + Hx+tnj^) - ?<))(x) 


k^ 


f(x) dx] 


?t 


n, 


b+ 1 


n 


+ lim ^ X 
k^ oc tn, b 
k 


k 




b Kx+t.J 


■f(x)dx “ X — f(x)di - 

b-tn ^ 

^k 


art- t 


n,_ Kx-t^, ) 


X 

a 


k 


k^ ^ 

— f(x)dx + X 

a-t, 


Kx+tn^) 


f(x)dx] . 


h 


k 
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00 

Since <|)(x) £ Cq (a^b), the last four integrals on the 
right hand side of (3.?) vanish Hence 


lim J <i>(x) 
Ic oc a 


1 

b"' 

n 


f(X+tj^ ) + f(X-t2;^ ) 


- f(x)} dx 


k 






= litn J 

it oo a ot 


f (x)dx 


n 


k 


= ^ I <}'"(x) f(x) dx. 

a 


But, the loft hand side of (3.'^) is 
(3.4) 


b b 

lim S (j)(x) dA (x) = I (}>(x)dX(x), 


oo 


a 

(by Halley's selection theorem) 

Thus, (3.3) and (3.4) give 

b b 

(3 ■:)) I ij)(x) dA(x) = 4 J (i)"(x)f(x)dx 

B, 3 . 

Now, integrating by parts, we have 

(t>(x)d A(x) = X(t)dt dx. 

a a a 

Therefore, from (3.6) 

iN^Cx) { ^ f(x) - x(t)dt } dx = 0, <J>ec^(a,b). 

3. <r ^ 

It follows from [Lemma 11, 63] that 


^ f(x) - J X(t) dt is a linear function on (a,b). 
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Thus f’(x) = ?X(x) + constant. 

Since X(x) £ 1, f'(x) £ Lipj^ 1. 

This completes the proof of the nece'^sity part. 

Conversely, let f'(x) exist and belong to Lipj^ 1. 

We have 

f(x+t) = f(x) + t f'(x) + [f ' (s)~f ' ( X) ] ds, and 

ix. 

fCx-t) = f(x) - t f'(x) - [f '(s)-f'(x)] ds. 

X- t 

Therefore, 

|f(x+t) + f(x-t) -?f(x)l 

<1 [ f '(s )-f '(x) J dsl + 1 [ f '(s)-f' (x)] ds! 

” X X- 1 


< jf '(s)-f'(x)|ds + I f '(s)-f ' (x) I ds 

” X X- t 

< M (s-x) ds - M . (s-x) ds 

= 

which proves the lemma 

LEMMA 3. P.3 Let f £ B* and |f(t)| < Mt°^, for some 

constants M and '^ > o. Then 


(3,6) 



“n,x 


[f (,t)] ) 


< 


C n M 

l-o( 

X 


where 0 is a constant depending on ■=< only. 
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mm 


By the definition of M 


n,x’ 




n 


n 


r(n)x^ 
In view of the relation 
-nt/x 


dt. 


= ® a 


-v C 

dx 




{-_2Cu_(t-x) - 


n 


+ 


x'' 


x^ 


n^ 2 
^-(t-x) } 


~nt/x 


X 


■n 


there follows j 


X ^ 

< (t-x)®)|f(t)l] 

X X Xi 

5 “ S %x [ I (t-x>^t=<] 

X 



X 


hy ( 1.6) , ( 1, 9) , (?,3 ) and Schwarz’s inequality. 

This completes the proof 

Nowj we prove a direct and inverse theorem for the operators 

^HjX* 

THEOREM 3.P.1 Let f £ B*. Then, for all sufficiently large nj 

(3.7) K ^ [f(t)] - f(x)l < M , 

’ 2n 

if, and only if <xf(x)}' £ LiPjyjl- 

PROOF Let {xf(x)}' 6 Lipj^l Putting xf(x) = F(x), we have 
F(t) - F(x) = (t“x)F'(x) + [f'(s) - f'(x)] ds. 
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Hence 

lF(t) - f(a) - (t-x) F'rx)l s I [f'(s) - p'(x)] ds| 

■A. 

Therefore , 

I— si— J°°F(t)tn-3 e-nt/x <jt . . -siF' (x) 

r(n)x:° r<n)x“ ° 

n °° 

< M 2 j (t-x)^ e-nt/x 

r(n)x^ ° 

Evaluating the two sides, we get 

I C ~ f (x) I ^ , proving the first part of the theorem 

Conversely, if for all sufficiently large n 

|Mn,s -f(s)| < ^ , 

using Letnraa 3 ?,1 and the evaluation (1.8) for 

l^,x ^\,s ~ 1 < 1&(1 + i), 

for all m sufficiently large. 

An application of Theorem 1.6 4 leads to the inequality 

(3.8) I ^ (x ^ [f(t)] } 1 ^ M(l+ 1) 

o'x^ m,x m 

If 0 < s < X and gf„(:5c) = x [f(t)] , we have 

+ gni(x-s) - ?gja(x)l = s? 1 g^(? ) 1 

for some g such that x-s < 5< x+s Then, from (3.8 ), 

^3-9) |gjjj(:x+s) + g[ji(x-s) - ?g;ji(^)| < Ms^(1+5)* 

^Uf>i 

i N. ' fiSflfifl, 
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Taking limit as m oo , we get 1 F(x+s )+F(x-s )-2F(x) | < 
where F(x) - xf(x). 

This, however, by Lemma 3 P.2 implies that f'(x) = {xf(x) } 
proving the theorem. 



say that a function f £ ^ , 0 < c< < 


(3,10) lf(x+hx)+f(x-hx)‘-?f(x)l < MCkx)”^, 0 < h < c < i 
where c and M are some constants. 

Now we give below the main theorem of this 

section. 


THhOREM 3.2 ? Let f £ B* such that for some satisfying 
0 < °< < 2, It f(t)l < Mt^ where M is a constant. Then, the 
following are equivalent 


(i) xf(x) £ 

(ii) For some constant A >0 and all n sufficiently large, 

(3.11) [f(t)J -f(x)l < 

PROOF The case - p (in fact in a much stronger form) 
has already been covered by theorem 3.2. 1. Hence let 0<c<<2, 
assume (li) to be true Let h be a number satisfying 

0 < h < c <1, where c is a constant. We can determine a 
positive integer 'm' such that 


ra -1 


< 2 


m 




2, iff 
: > 0 , 


and 


(3,12) 2 


< 
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Define 


Uq(a) - UQ(f,x) - 

(3.13) 

Un(^) = Djj(f,x) = f'gnJCMjn+i^^- ^^n-l_ ^ )tf ( t)] ], 
It is clear that 

t^Ct)]] • Also we have 

"’piSx W")]l 

l^pNjX '■^?W+l^s ti'(t)] - f(s)] 1 ^ 0 as N^ 

frotn(3. 11), 

Therefore, 


(3,15) 


*-^?N+l,s tfCt)]] = lim [f(s)] 


N -♦ cx; 


N -»■ oo 


From (3.14) and (3.15), 


00 


f(x) = r u (x). 


n=o 


n 


Taking xf(x) - F(x) and V^^Cx) = y U^(^)j ^ have 

00 

(3.1b) F(x) = S V (x). 

n =:0 


From (3,16 ) v/e have 

1 F(x:+hx)+F(x-hx)“?F(x) | 
oo 

i "Z 1 Vn(x+hx)+Vj^(x-hx)-2Vj^(x) I 

n=o 

m-l 

(3,17) <L 1 Vjj(x+hx)+Vj^(x-hx)-2V^(x)! 
“n-o 


1 , 2 ,.. 


= f(x) 
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Wow 




5 ^ ,_Jf(t)] -f(s)l5 


+ X |f{s) - [f(t)] 1] 


- ^ % X ^ p-(n+l)°(/?] 


+ X M g“(n~l)'=</? ^ 


= X A 


?n,x 

g-(n+l)«</? j, f 3 =<-l-, 


^ X A M n 

(3.18) 2^,x L J 

< A 2 x'^ + A 2 x*^ 5 Co( IS a constantj 

(by evaluations of Chapter I) 

= B x‘^ 5 where B = A Ok ( 2 “°^"^^ + 2'^^^). 

From (3,18) we have 


OG 


2 {| V (x+hx) 1 + 1 Vn(x*‘hx) 1+?1 V (x) I } 

n=m ^ 


c< 00 ^r\o(/0 

i 4B (xd+eh)} 2 a ,(for some 0 such that -1 < 0 < 1) 


n=m 

1^2-«</2 



(3.19) V^(x+hx)l + lV^(x-hx)l+?lV^(x)l}< K 

where K = 4B 

N0W5 


= 'Vl.s- Vl,s^ 

^ I %+i „ tfft)] * r(=)l + 

' 9 S 

< ?“(n+l)°(/? ^ As^^-l p" 


- f(s) + f(s)| 

Vl,s 

(n l)=</2^ from the hypothesis 


< A 2"^'^'^^, fr'i some constant a' . 
Therefore from Lemma 3.2,3, 

1 ?-'" vi,s> -^'•■- cr 

X 

Hence 


(3.P0) \V^,x)\ = I -;^{x H^n [(Mg„i - I^n.j. ,[f(t)]]i 

0 X 


< A^C 

p-0( 


gi J^n( 1-^/2) 


x^ X' 

With 0 < h < c <1, from (3.20), 


2-c< 


, where b’ = a’c. 


2 2 , 'L 


< h'x'^ Vjj(5), (where 5 = xd+G'h), 


-KeVi) 


1 Vj^(x+hx)+V^(x-hx)-2V^(x) 
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Therefore , 


(3.P1) 


Thus, from 


< 


x?~°^ d+G' h)^~°^ 


h^B' 


(l+e’^h)^"'^ 


x°^ pn(l>V2) 


we have 
m-1 


2 1 V^(x+hx)+V^(r“hx)-2V^(x)| 


n=o 


.s„. ..« gn{l-c</p) 


< h‘"B x" £ 


n=o .(,_^2-'=< 


h^B’ 


(i+e"h) 


(i+e^i^) 

m-l 

2 (where 0*’ = min 0’ ? 


n =:0 


0 < n < m-1) 


< 


h^B' 


(1+e "h)^“'^ 


X 


gtnCW?) 

7^^ 


(3. 17), (3. 19) and (3.21), 
( P(x+hx)+F(x-hx)-2F(x) 1 


< K x'^ 2"^^^ + 


h^B’ c< 2 

X 


»> 2-°^ 
(1+9 ’h) 


ra(l-=</2) 


- 1 


< K x”^ + 


h^B' 


(i+e"h)^‘'‘^(2^‘’“^'^^-i) 


x'^ C-^)^ frotn(3 12) 


^ { K + 


B’ 2 


l-°(/2 


(i+e**h)^“‘^ - 1) 


> (hx) 


[ 
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< ilChx)*^, 


since 0 < h < c < Ij where M = { K + 


B' 


(1-0^-=^ 1) 


} . 


This implies that F(x) G ^5 i.e.5 x f(x) G Z,^} proving 
the Implication (ii)5=^ ( 1 ). 

To prove the converse let F(x) = xf(x) G zt( • 

Then 


(3,2?) 1 F(x+hx)+F(x-hx)-?FCx) j < M(hx)'^. We have 

from the definition of ’ 

n 00 

V ^ ^ ^ -f Q-nt/x - F(x)> 

’ ^ r(n)x^ 0 


T n CO T j. / 

= { S j F(t)t^”'^ Q-nt/x } 

^ r(n)x^ o 


(3.23) 


00 •! 

= ; < - --■■ ! [F(tx)-F(x)] t"’-^ dt }. 

r(n) o 

Now, let I t-lj < n"^, where 1/3 < y < 1/2. Then t = 1 + 0n"\ 
-1 < 0 <1. Let 


II = [F(xt)-F(x)J t""’^ e"^^ dt 


= [F(x(l+0n"^))-F(x)] d+Gn’^ 


n-1 


-n( l+0n‘’ 
e 


rfY d0 . 


-vn-l fi® A^n“3Y 

But, (l+0n = exp(n~l) {0n”'^- + •* • • 

» 3 

= exp { 0n^*^- ^ n^"^^ + o(l)} , 
where o(l) term holds uniformly with respect to 1 < 6 < 1. 
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Therefore, 

[ F(x(l+0n’"''^) )'-F(x)] exp {•» ^ d 9 

1 P 

- n"^ ^ [F(x(l+0n“^ ) )+F(x(l~ 0 n~^)-?P(x)] expC“|n^“^"'^)d0 * 

Hence from (3.23), 


X { [f( t)] ~ f(x) } ^ 

< n'"'^ e-n+oCD — / ! F(x(l+0n’Y)+F(x(l-en”‘^)-rF(x) exf^-Cl-^ )d0 

r(n) o 1 

OC 

I j — 2 uL. , (where = J {F(tx)-F(x)} dt -It) 

^ r(n) 2 ° 


S4) 


< n“^ — JL, M(x0n"'^)°^ exp {” ^ 

r(n ) ° ^ 

5 (from the hypothesis) 

rCn) 

= Mx‘^n" 0~h+o(l) -ii- 9°^ exp{- — ^ n^‘ 

v{ n 2 


d0 


+ iigi — 


.O 1/ 


r(n) 

Now we shall consider each terra on the right hand side of (3,?4) 

separately. We have 

0 °^ exp { S£. n^’‘^^}d 9 

o p 


^ r (. 

o 


2s 


n 


1-2Y 


)C</g q~®^- 1/2 +y^ (rn-oo ^ putting s, 


de = 
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= r(^) 

TherQforSj using Stirling's formula we can write 

» 

(3.?5) M n~YCl+°<) e”n+o(l) jfL j^q°< ^ dS <A.x°^n-V? 

r(n) o 2 

for a suitable constant A^. 

Also 


n' 


n 


n 


r(n) 


< 


n 


r(n) 


t-ll >n 


-y 


iF(tx) - F(x)| 


dt 


n 


n 


I 


M (t'^+l)t^ ^ dt 


t-ll >n”^ 


(3,26) 


(from the hypothesis) 

= M x”^ J (t°^+l)t^‘^e-nt dt 

lt-l|^n"^ 

= M x"^ 0(n“'^^^) (by an analysis as done in the 

proof of Lemma 1,4,3) 


< 




o( 


X 



say. 


From (3,?4)-(3,?6) have? 

|x I - 

= k (where A = A^+A^h 
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or -f(x)l< A 

This pioves the implication (i)=^- (ii), and the proof of the 
theorem is complete. 

pEMABK 3. P.l ; For fiuictions defined on ( 0 , 00 ), we say that 
f £ Z^5 0 < '^ < 2, if for every x >t >0 , 

I f (x+ t)+f (x- t)-?r(x) 1 < M t^ 5 where M is a constant. 

It is obvious that Zj If j however we consider 

the classes ^={f£ 2 ^ |f(t)| <A t'^jfor some constant A) 

and 

2^={f6 Zx lf(t)l <A t'^s for some constant A} 3 
then 5 

To prove this, in view of the inclusion ^<^^5 
it is sufficient to show that To show this let f £ ^.Then? 

lf(x+hx.)+f (x-hx)-?f(x)! < M(hx)°^, 0 <h<c <l,(c a constant), 
putting t = hx, we have for t < cx, j f (x+ t)+f (x- t)-?f (x) j < M t 
Now let xA't L then using if(t)l < A t , 

sup 1 f ( x+ t)+f ( X“ t ) :i2fIxlJ- ^ {p°<+ (l-c)'^+ ?} . 

X>t^£!X tf< ^ 

Therefore, for all t >0, taking M* = max (M, (?'=^ +(l-c) +2)}, 

lf(x+t)+f(l-t)- 2 f(x)l < M’*' t^ 

showing that f £ 2 ^. 

In view of Remark 3,?.l, Theorem 3.2.2 can be 


re -stated as 
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THEOREM 3. P.3 Let f £ B* and let 0 < ^ 2. If 

jtf(t)| < Mt'^ for some constant M and t>0 then the 
following statements are equivalent 

(1) (x f(x)>£ , 

(2) For some constant A>0 and all n sufficiently large 

l“n,x 

3.3 LItilTb OF OERTMtl ITnRATE& OF PO&T-l/flDDER OPERATORS 

The main object of this section is to show that 

the limiting operators corresponding to certain sequences 

of iterates of ^ form a semigroup of class (C^). 

shall also utilise this result in proving a direct and 

inverse theorem which involves the limiting operator. Also, 

by this approach we characterise the convexity of certain 

functions f via an inequality involving M [f ] • 

n X 

we start with some definitions 

D, Em II, O N Let 7 be a Banach space and { T^, t > 0 > 

a one parameter family of bounded linear operators mapping X 
into itself. {T^., t > 0 > is said to be a semigroup of 
class iC^) on X provided that 

(i) Itfs 

(3.?7) j:>T1CY 

(ii) lim 1^ X = X forallxGX. 

t -»• 0+ 

The infinitesimal generator of the semigroup is 


defined as 
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iu. = lim 
■fe* 0 


T^x-x 


+ 


5 whenever this limit exists 


The casP r = 1 of the following result of Micchelli 
Theorem l.'^J will be required in the sequel 

Let { t ^0 ) be a semigroup of 

class C^q) on a Banach space X and let r be a non~negative 
integer, then p 


lim < Fj 


( T^ “ I ) X * r 

— i _ < (A*) F,X > 


+ 4.r 

t -* o t 

for F £ D((A*) ) and any x £ X , where < ? >denotes the 

pairing between the dual space ^ and X, i.e,, 

< F,x > = F(x), F £ X* , X £ X and A* denotes the adjoint 
of A. 

DEFINITION 3.3.P For P > 0, we define 




{f f IS continuous on 

lim — f l & I- = 0 and lim x”^ f (x) = 0 } . 

x-o oo l+xl^ o 


Each is normed with the norm \ \ 1 lc<jp 

x'^f(x) 


defined by 


max 


x£(o,co) 1+x 

It is easy to see that 'l*llc<jjg is a norm. In order to 
show that each Cc< g is a Banach space w® observe that if ■ff^} 
is a Cauchy sequence in converging to a function 


f in 


°<,p 


, then f is a continuous finction on (o,co). 


It remains to show that lim 


X ^ 00 


^ 0 and lim x°<f(x) = 0. 
P X -*■ o 
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However, these follow by taking limits as x oo and 
X ■* 0 ^ respectively, in 

— ^ I fn(x) - f(x)| <e, n>N(e), 

where £ is any preassigned arbitrary positive number. 

phFIHITIQN 3.4.3 • The iterates ^ x defined 

as follows 

we put ^ 


^,x ~ ^ 


Cc<^ 8' 


Here, f e » if f e D und 

^,x ^ D(W^^^). Wb notice that for each fixed pair 
(*=<,?) there holds Co<,p x>o and 

for all n sufficiently large Moreover fC . Go( g ' 

ii ^ A 5 r 

Let Y be the set obtained by one point 
compactif ication of (o,o<?) and let C(Y), as usual, denote 
the space of all continuous functions on Y. 

LEMMA 3.3.1 . The set {e" , X > o} spans a dense 

subspace in each . 




Since { 


Q~ • X > o } IS a family 


1 + 

of functions belonging to G(Y) and it separates points of 
Y, by the Stone-weiers trass theorem the algebra generated 

hv n ^ , X >0 } IS dense in C(Y). Since each 

" ’ 1 . ’ 

— ? , f 6 Ct( 8 } can be identified with a 


function in { 
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function Hx) belonging to 0(1), given a function f t Coc a 

5 P 

for every £ >o there exists s-, £ r e~ 1 

J. I o A > OJ 

1 + 

such that 


(3 ?8) 


-jg ■ f (x) ^ 


Cn - S-, 


< 6/4, 


1 + ^ 
where le a constant and 11*1| denotes the rrax-norn. in C(Y). 

Taking -ircit as x in (3.P8) , we gat Cj^ < e/4. Theref ore(3 .?8)givei 

c( 


(3.29) 


. s, II <E/p. 

1 + " 


Let s be the term consisting of first powers of 

C< XX 

(-JS — ,)is in S, and let s' = - s^. Then 

1 + xP+^ 

S' £ C(Y), 

MKeve Y'" ^'ol -JeJt oi\e ho'-^b covv^^3a.(£i^1 of toj,*<j) 

Further, since { e , X >■ o } is BBH a separating 

family in G(y\ the algebra generated by { l,e”^^, x > o} 
is B&W dense in C(y 5. Therefore, for every £ >o there 


exists Sp £ such that 


1+ X 


|3+o( 


S ' “S, 


< 6/4, or 


X 


(3.30) 


1 + X 


p+‘=( 


X 


s^- b^-s 1 1 < £/4, 


where dv IS a constant and s £ [e"^^ , x > o] • 

Taking limit as x -*■ oc in (3.30), we get 

< e/4. 
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Therefore , 
(3.31) 


1 + 


X 


p< 


Sj_-s I 1 < G/2i 


for bome s £ [e" , X > o J . Thus. 


s^~ 

1 


- S||< I l-ld-JLit? s,-s 

1 + xP+°< 


X 


(3.3?) 


< 


1 + X 

Nowj (3.?9) (ind (3,3?) together imply 

1 1 x!5 


B4-'=< 


X 


1 + x®+^ 


£/? < £/? 


1 + X 


p+'=< 


1 + x^-»^ 


s II < e > 


i.e., [| f(x) -s 11 <£, for some s £ [e“ , X > o ] 

This completes the proof of the lemma, 

Wext, wG shall discuss, in brief, a few results 
of I'iicohe i li[63] which we shall be using later in this 
section. Denote by 0,^ the space defined by Gc^ = { f f 
continuous on [o, oc) and lim —Hid = o} • Each Cc< 

x-^-oc 1 + x°^ 

is normed by llfll x max jJlxIL. with this 

o <■ X < oc l+x'^ 

norm each is a Banach space, notice that is 
contained in ^ for all 0 >o. Further, since 
{e" X > o } c. Cc<, Lemma 3.3.1 implies that Co( is 
dense in 
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liicchelli considers the following sequence of 
linear positive operators introduced by Karlin [34] 

Let 5 -e 1 . 0 } be a sequence of non~negative random 
variables, &upi)ose that the distribution function of 
X is F and that li(X^) = ^ t^ -dF„(t) < tor all n,r >o. 

** ii 0 Xi / — 

Define a sequence of operators as follows • 

U(f;x) = j'^fC-^) dF„(t), 0 <x <«? 

n o y u ' - 

oo 

where = li(X^) = t dF^(t) >o. Then maps 
into itself. 

If, in addition, the sequence { x^,n } satisfies 
the following conditions • 


(i) 

(ii) 


lim L(X ) = + 00 

n -* 00 ^ 

X 

lim n E 
n 00 ^ F(X ) 

ij n 


( — a — - 1)' 


= a > o 


(iii) lim n E 
n - 1 - cc 


- 1 ) 

E(X ) 
n 




= o for k = 2, 3, 


then there holds [63] the following 

rHEOBEM II X Let f 6 and = E(X^). Then, 


[y.t] 

lim (f,x) = Zi^(f,x) 

n OO 


r 


; (xey) exp [- — (y + ]dys t > 0, 


2r t -CO 


2a^t 


wh®r® }Ja. is d semigroup of class (C^) on each C^. 
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aiid itb iterates .ire well defined if n>°< and that 

\,x I &1 (sf(s),x) It is clear from 

this th.it for each r = 1,?,3, there holds 

(3.34) [f(s)] = i (sf(s),x). 

Therefore, from Lemma 3.3.2 and (3 34) we have, 
for all f C 0 , 

, fnt] ^ ^ [nt] 


(3.36) 


= i 'r^(sf(s),x). 


We now show that for each fixed t there holds 

where K is a const.int not depending on n. 

For this, if f e p, we have 

lf(x)l< (x-^ + xP) 1 |f| I , x>0. 

C<J p ' 

Operating over this inequality by , for some constant y? 

we get 


yu-^ xP e^^), 

(since [s^] -*■ e^— x^ as n oo). 


(3.37) 


Therefore, from (3.37), 


-1 


w 

JL 


Hence , 


t=<(°(+l ) tP(p-l) 


»4^*^[f(s)jl ^ e-^ -e -7— ) 


1 +x 




'n,x 
|f I 


tP(3 






tV Q OHV H 

- K P < Y max ( e p 
x£(o,oc) 

tP(P-l) M2±i) v 
= Y max ( e 2 ’ ® 2 ) 



t 
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Tallin supremum over f 6 ^ v/e get (3.36) 

wow the oquttions (3.36)~ (3.36) and Lemmas 3.3.1 and 3.3.2 

lead to the ioI]ovd.ng important conclusions 

(I) For all re Qi 

fntl 

(3.3B) lim 1:L -^[1(3)] = T (f,x)} say, exists and 

(II) ^I’.j t>o 1 is a semigroup of operators of class (C ) 

X» 0 

on G. ^ f or all d > o 

j p 

Gummarizingj we have obtained the following 
yiil'OHLM 3,3.1 . There exists a semigroup ^T , t^o} of 

V 

cliss (g ) on G^ fr such that 


o 


SP. 


fnt] 

n "*• oo n,x 

Further utilizing the relationship T (f(s),x)=i t (sf(s) 5 x), 


lim M [f(s)] = T^(f,x) for all ft 


't'' X t 

the ini ini tesimal generator A(f,x) of (T ,t>_o} has the 


form 


(3 39) A(f,x) = (xf(x))" , x>o and moreover that 

2 

If <!> e Go(o,(x;) and F^(g) = ^x) g(x) dx,(g h C^^^) then 

F^ b D(A*) and A*F^ - where A* denotes the adjoint of A 

and (A*«}>)x =■ J (X({,( ))”, 

Now we give below a direct and inverse theorem 

involving T. . 

THLOKLM 3.3.2 • Let f 6y G^ ^ , then the follovang statements 

j ^ °<,P>o 

are equivalent, ’ 


(i) 

(xf(x))' exists and 

belongs 

to 

Lip 1 ? 

M 

(ii) 

l”n,x 

< Mx 
- 2n 

for 

all n sufficiently large 


and X £ ( 0,00 ) , 




(iii) 

lT^(f,x) “ f(x)| < 

JLx (e 
2 

t-1) 

for all t> 0 and X £ (o,oo) 
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Oorrcquently, if - f(x)l < £ x/n , 


wijore - o, then f(r) is a linear combination of 1 and 1/x 


EMM The direct implic ition (i)^(ii) has already been 
proved in Theorem 3.?.1. Assume (li) to be trne. Then 
operating the inequality in (ii) by ^ get 

,, [T(t)] - M_ [fft')! I ^ M u- 1> 


' V I 1 -1^(1 

^ ?n n 

Heoperating this inequality by we have 

l^,X - € X I < -^(1 + 

njx ' - ?n n 

Oontinuing this operation [nt] -- 1 times, we get 

I Mfnt] _ KJ fhtl-l rr,/ V -1 I . M . T ~ T 


|M^"*hr(s)] - [f(s)]| <^(i + i) 

Tlioreloic, adding all these inequalities, we get 


(3.40) 


- f(x)| < ^ {Ol 


[nt]_ 


Talcing limit as n - cc in (3,40) and using Theorem 3,3 1, we 


have 


|T^(f,x) - f(x)l < (e^ - 1) 

This proves the implication ( 11 )=^ (in). Now, assume (lii) 
to be true. verify ( 1 ) by showing that it is true for 
e Ach closed interval [a,b]«:^(o, 00 ) Let <^ £ (a,b) and let 


, (^) - ^ do . 

^ (e ^-1) ^ 1/2 a 

olearly, if (iii) holds then £ Lip^l. Since <(> £ c“(a,b), 


we have 


lim /^nx) 
t -* 0 + 


T,(f,x) - f(x) 


= lim r <P (x) 

X. a 

t-v 0 ^ 


(e t-1) 

Tt(f,x)“ f(x) 


,, ,b . X TUf,x) - f(x) 

= lim f a(x) -i — — dx 

X X 


(e "t-i) 


t •♦0 


X f(x) ( )" dx (by Theorems I and 3.3t 


(3.41) 
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putting <j>(A) in (3.41), w have 

(3.47) lim -iCii ~ 

t -. 0 + ^ (l/?)x (et-i) 


*u 

dx = J ifi *’(x)xf (x)dx. 
a 


But, the Uit hmd side nf (3.4?), by Helley^s selection 

theorem, is ,;,(x) dx(x), for some function X(x) £ Lipj^l on 

(a,b). Thereiore, for all >1^ £ C^(d 5 b), 

Ka) dA(x) = /(x) X f(x) dx, 

i.e., (X f(x) - X(t) dt) .p'’(x) dx = 0. 

i a 

I-Ionce from [53, Lemma 1.1] we conclude that 
y f(x) - x(t) dt + + 0-]_x, 

where x f f.i, b] and constants. Since x(x) £ LiPj^l, 

we see th it ( x f(x))' exists and belongs to LiPj^l. 
establi'=hos the implication (iii)r^(i), proving the theorem. 
THEOREM 3.3.3 * If f £ !J a then x f(x) is convex on (o,oo) 

if, and only if [f(s)] >f(s), for all x £ (0,00) and n 

sufficiently large, 

PI^QQF The operator sj (f,x) is a linear positive operator 
preserving linear functions Therefore, if x f(x) is convex 
then bhtfCt), x)>xf(x), i bj (tf(t),x) i f(x) and so 

from (3.34), ^ [^(s)] Lf(x) 

n j X 

To prove the converse, let [ f (s) ] if (x) for 

some f £ U Qy -h. Operating this inequality by successively 

P>o» 

[ntj “ 1 times, we get 

M^^^^\f(s)] L ^ [f^s)]> > f(x)‘ 

Taking limit as n 00 in this, from Theorem 3.3.1, we get 
(f ,x) ^ f(x). 


f (x) , 
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Now, let *5 be i nou-negdtive function in (o,oo) Then, as in 
(3.41), we have 

(J.43) o< iim f Kx) =Aix+(x))’W)ax 

o ^ 

Since ^{x) - (1/2 )x i}>(x) is a one-one-onto transformation on the 
set of liJ non-negitive functions in (o,oo) , as in (3.43), 
we obtiin 

(3.44) '}'"(x) X f(x) dx ^ 0 for all non-negative functions 

(o,f<). Thus, from [53, Lemma 1.? ] we conclude that 
X f(x) is a convex function. This completes the proof of the 
theorem. 

3.4 lNVU<oh MD bATUHATlON THLORfiMS FOR LINEAR COMBINATIONS: 

fUy [32] considered a class of so called exponential- 
type opor itors defined by 

bj^(f,x) = X® w(X,x,t) r(t)dt, 
where the kernel w(X,x, t) is non-negative and satisfies, 

X^ w(X ,x, t) dt = 1 and 

iM ^ JL-. w(x,x,t)(W), 
dx p(x) 

where p(x) >o on (A, B), is a polynomial of degree two almost. 

These operators cire called regular if further, 

X^ w( X,x, t)dt = a(x) 

where a(x) is a rational function of X and a(x)^ las X-*“ 

May considers the following linear combination of these operators,. 

Let d , d,, . , d,, be k+1 arbitrary but fixed distinct 

positive integers. The operator Sj^(f 5 k;, t) = (S^(f,k, t, d^,d^ 

is a linear combination of 3^^ ,(fjt), defined by 

J 


?3 


aj^(f ,k, t) 
where L( i, k) - 


k 

Tt 

1^0 




) k ^ 0 ind C(o,o) = 1 


it rn ly be noted thit the linear combinations defined 


in (l.dl) reduce to the above combinations on taking '=<. 


an integer, j - o,l, . jk 

lot ^ (-1)^“'' (v) f(t+-vx) and let 

V = 0 

w (f,h, i, b) sup { j f(t)l , jxj < h, t, t+kx £ [ajb] } 
k * 

be Ujo kth modulus? of continuity of the function f. Then the 

class Liz C"<,k, a, b) is the class of functions for which 

w (i,h,a,b) < M h^^* When k = 1, Liz ('^,1) reduces to 

the well-known z-ygmund class 2i^(“ Lip* '=<) 

Let 'I' £ C(A,B) be a positive growth test function 

satisfying < oo uniformly on compact subsets of 

(A,B). LetG,(A,B)= {f£ C(A,B)1 lf(x)l <M^(x) for some 
^ —1 
M>o>, endowed with the norm llflL = 'J' 

^ x£(A,B) 

Also lot f £ C^(A,B) and A < < ap < as < b 3 < bp < < B 

For tho operators Gj^(f,k,x) (without necessarily assuming 
the roguiarlty condition) May obtained the following inverse 
thoorem. 


THLOREM ; . Let 0 < =< < ?. Then in the follomng, the 

implications ( 1 ) r::^(2)<:=V(3) ^ (4) hold • 

, -o((k+3)/2^ A . „ 

(1) l|s^^ (f,k,x) - fa)llo[ b/ ^ ^ 

for some c > o). 


(?) f £ Liz Cc<,k+l,ag,b 2 ) , 



74 


(3) (i) ^ ‘-<Ck+l) < rm-l, m = o, 1, , 2k , exists 

iiifl f Up (<^(k+l) ~ m , a^jbg), 

(i 3 ) For ^(k+1) tTH-1, m = , ?k , exists and 

f(m) e Z (a ,b ) , 

In addition assuming the regularity condition he 
obtained the folio vdng saturation theorem in the case ^ - 2, 
II t In the following the implications (l):=^(2)i45(3) 
and (4)’=^>(6)r>(6) hold. 

(1) (f,lt,x)-fCx)ll bf i • 

2 


( 2 ) 

( 3 ) 

( 4 ) 

( 5 ) 


^(2k+l)^0 A.C. [ap,bg] and’ ^ ^ i^[a 2 ,b 2 ] 

xl'+l 11 S^(f,k,x) - f(x) llc^^tsl ° ’ 


1 1 &, (f,k,x) - f(x) 

f 6 h' [ap,bg]and 




= oO).('n+k'n i ’ 


(j(i,lc,x) (x) = OiX £ ’ 

whorfi(i,lc,x) certain polynomials in x depending on k , 

(6) llb^(f,lc,x) 

T T „,n ,cxj-> .V .n-1 _'nt/x ^1 + 

Iho operators Sjj(f,x) =j— ’ 

which have also bean termed Post-mdder operators by May, are 

1 . 1 -i-tma There bv the above theoretns 

also regular and of exponential typ . 

hold for these operators. The post-Udder operators 

however, are not exponential tyi^ operators and the above results 

are not directly applicable as such. Nevertheless, 

in th. sequel, a simple transformation connects the operators 

with the operators sj. Using this, we shall deduc 
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the- above theorems the corresponding slightly more general 
inverse and saturation theorems for linear combinations of the 


operators M . Considering the linear combination as defined 

O) A 

in Chapter I, notice that 


(3.45) 


“n y (tf(t),x) and 

[f(t)]= 1 

il)A A •‘-•I 

V/e ilso remark that Theorems I and II hold if 


we replace S (f,k,x) by our combination 

A n 


(f,x) with 


c<j.'s Lind n not riocessarily Integers. This is atonce evident 
while going through the proofs of May [52 ] . 

^ iic 3 

we have the following inverse theorem for j 

where we do not assume the continuity of f on IK'*’. 

IHItOH CM 3.4.1 ! Let f e B*, 0 < =< <: 2 and 

o<a^<ag<£^ <b 3 <bp<b^<et&. Then, in the following, 
the implications (1):=^(?)<^^3)=5>(4) hold. 

(1) sup -f(x)| = ) 

xe [a^.bp P’ 

(._£Li < c for some constant c> o) , 

% " 

(?) f(x:) £ Liz (“=<, k+1, a^, bg) ? 

(3) (i)For m < °<(k+l) < m+1, m = 0,1,2, ,2k+l , 

f(ni) exists and belongs to Lip (=<(k:+l)-m *, 

(ii)For '=<(k+l) = m+1, m = o,l,2j. f^“^(x) exists 


and belongs to 
||^[k+l] [j] - f I 


CLag.bgl 
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£]BQJQ£ First we prove the theorem for f £ C(tR'*'). In 
tills Cisc, from Theorem I and relations (3.60), vie have 
tho implications (l)t:^(iiX:i^(iii)r^(iv) in the following . 

(i) I ] -f 111 = 0(n-°‘a'+l)/2) 

P’ C [a^bj P 

n - 

( < 0 ) , 

(ii) X f(x) 6 Liz (=<, k+1, ap,bp) 5 P 

^ ^ / m \ 

(iii) Ca) lor m < <^(k+l)^ < mfl, m= o,l,?, , 2k+?, (x f(x))^ 

exists and belongs to Lip (=<(k+l)“m, a, bn), 

(b) I'or ^(k+1) = rtH-1, rn = o,l,?, ?k, (xf(x))^ exists 

,md belongs to Z^(ag,bg) ; 

(iv) i lx {M [fl -f }|1 = 

^ G ^ 1;!^ ] 

Further, the implications (D^^ti) and (4)<=^iv) 
are clear and (?)c(^(3) is well known. We now claim that 
(3)^(iii). In order to establish this it is sufficient to 
show that ifo<a<b<oc then with 0 < °<^ < 1, function 
(x f(x))e Lip ('=< 3 ^,a,b) if) and only if f £ Lip (°< 3 _,a,h) and 
(X f(x)) e Z^(a,b) if, and only if f 6 Z^(a,b). These results 
can be easily proved as follows * 

Let f £ Lip (=<;!_, a,b). Then, 

1 (x4'h)f(x+h)-xf(x)l 

< |x { f (x+h)-*f (x)} 1 + |hf(x+h)l 

< b M + max lf(x)lh, (M being a Lipschitz constant) 

** x£ [a,b] 

< M- h*^!, where M, = {b M + max lf(x)|b ^ } 

1 1 x£[a,b] 

showing that x f(x) £ Lip 
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Next} let X fCx) £ Lip (=<-j^,a}b). Then} 
jf(x+h)*-f(x)i 


< I {(x+h)f(x+h)-xf(x)}l + ll {(x+h)fCx+h)-xf(x)> 1 

X*T* il X X 

+ lxf{x) { i-} I 

X'J" il X! 

< J2:i^ ^ ^ i ^ 4. fnax jxfCx)! 

^ 3ct[a,bl, 

(M being a Lips chi tz constdnt) 

< M h where M = {M ^ + ^ + max |xf(x)l }, 

? ? ^ x£ [a b ] & 

showing that f £ Lip (=< , a,b)* ’ 

Ju 

Now assume that f £ (a}b) Then 

A(xf(x)) = Af(x)h + XA f(x) + f(x)h} 
which implies th,it 

/(xf(x)) ~ ^ f(x)h + 2 Af(x)h + X f(x). 


Hence 


1 A^(xf(x))l < 2(b-d)M h + 2 max Af(x)h + b M h} 

xt [d} b ] 

(M being a Zygmund constant) 
< M h, where M, ={M(3b-2a) + 4 max IfCx)]} , 
proving that x f(x) £ Z^(a}b). 

Assuming that x TCx) G Z^(a}b)5in a similer fashion 
we can show that f £ 2^(a,b) and therefore our claim is fixLljr 
established. 

Summarizing} by now we have the following implications 


1<^ ( i) -r::^ ( ii) iii)rd>( iv)4r^ (4) 

( 2 ) 4 =-^(?) , 

Prom these (l)c=t5v(2)4=t>‘(3)’==^(^) follow and the proof of the 
theorem is complete when f 6 GCIR"^). 


I 
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I’or 1 general f the proof follows by an observation 
made at the end of Chapter IV . 

When = 2) we have the following saturation theorem 

I |i^u, 1 S 

for j where as in Theorem 3.4.1 the continuity 

assumption on f is not made, 

yHEORhM 3.4.2 . Let f E B* and o < < bg < 

Then in the following the implications (l) rc^(2)t2^(3) and 
(4)i=^(6)-r:i^(6) hold. 

(1) sup 1 [f(t)] -f(x)l = 0 (l),(n ,/np <c), 

P X ^ 


(?) e a C. [325^2^ f(Pk+?) g Loo [ap,b^] 


?’ 2 

(3) 11 =0(1) , 

k-vl 

(4) n su 




?k+? 


tr nrr r /..a - 

[a^jbg] and 2 Q(i,k,x) (x) = o, x£ LagjbpJ 


(6) f £ [a^jbo] and 

2 2 i = k 

where (^(l,k, x) are certain polynomials depending on k j 

(6) II 

REMARK 3.4.1 t The nature of the polynomials Q(i,k,x) will 


be made more explict in the proof of the theorem. 

The proof of Theorem 3.4.? given below assumes 
that f £ C(1R+), This assumption, as we shall see in the 
sequel, gets dropped by the observation made at the end of 


Chapter IV, 
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jrqOF . I^rom (3,50) ind Theorem II, in the follovdng the 
[mpliCfitiorr (i) and (iv) ;:=:^(v)=e>(vi) hold. 

U) II X If]- ^^ = 0 (l),(np^,/np <c) , 

(ii) (xf E Aa [ap,b^J and (xf (x) Lx? [a 2 jb 2 i, 

(Ui) n>^X II [f]- - 

(iv) 11 X [f] - f) II = 0(1). (V/"P - ’ 

v "pj-^ 0 La., , D j 

?k+? *!• a /jv 

(v) xf(x) E 2 Q* (i,k,x)(xf(x)) =o,x E [ 

^ i=k+l 

where Q*(l>k,x) are certain polynomials depending on k , 

(VI) II 

we further notice that (l)oCi)) (2)<=^Cii) and 
(3)<^(iii) and therefore the implications (1) (2)(^ (3) 

follow when f e G (1R+). Again, the implications (4)^(iv), 
(6)4=?>Cvi) and the fact that f 6 [aojhplif, and only if 

(xf(x)) F [ap,bp3are clear. 

Referring to Remark 3,4.1) we actually have 

Q(l,lc,x) = X (J*(l,lc,x) + (1+1) «* (1+1.1', ^)- 1 = 

where Q*(k, k,x) =02 Q*(Pk+3, k, k) . 

NOW assume (4) to true. Then by (4)<^(lv)=^(v) « have 
0 = (5*(l,te,x) (xfCx))*-^’ 

= q*(l,lc,x) (X f(i)(x) +1 f'^-^k'')) 

= + (1+1) q(i+i.i'.^)> 

= Q(l,k,x) f(l)(x). 

i=k 
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Hence (5) follows i.e , (4):::::^(5) , Next, assume (6), then 
by tlx:: interrelation between the polynomials Q(i,k,x)'s 
and Q’^(i,k,x)'s , (V) follows This implies (VI), as 
rem, irked before. Now by the proof is complete 

for f e CC!it+) 



chapter IV 


‘.IIIIJLTAHI'OUS APPROXIMATION 


4.1 iiiTHO 

xfi ■* i j q c'lciptrr w study sitrultcin^ous fi.pproximation 
properties oi the Post-Widdor operators M . First of 

n j X 

all we establish the convergence, C f 3 -* as 

n ^ ex. (k t Iw , X >0 ), whenever f £ B* and exists. 

Next, we obt^lin asymptotic formulae in simultaneous 

approximfition giving a precise rate of convergence of the 

deriv itives of operators to the corresponding derivatives 

oi certain smooth functions. We further improve the rate of 

convergence by considering linear combinations of derivatives 

of M “ operators for smoother functions. Finally, we discuss 
Tl) X 

direct, inverse and saturation theorems for and their 

linear combinations. 

’Jn ^’{iit with the folloviig Lorentz-type lemma.^ 

UMMA 4.8.J ! Thera exist polynomials in ^ 

do not deiiend on t or n such that 


(4.1) 

where 

(4.?) 


^^[^-(n+l) e’ht/x] = Q (x) ^ 


dx 


4j^Cx) 


i j j 
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gtlOPj: . Vfe have 

[x”(n+l) Q nt/x] = ^ x-(n+3) 

ox \ n ^ 

= {n(t-x)-x} e-i^V'x x-(n+3) 

hence the lemma is true for k = 1. To prove it by 

induction > -we assume the lemma to be true for some k 

and show that it is true for (k+1). 


Now, 

-dl:l[ 6-"'^=']= q u) [ -(n+plc+l) 

k+1 k 

+ x~(^+^k+3 )j;jt 


dx 


+ x"(^^+'^k+l)e-nt/xj- s n^'^^(- 3 )( t-x) ^"q (x) 

1+ 1 i J J n ^ 

(t-x)Jq' (x)l 

i,j ijk 

- X e L { n(t-x)-(?k+l)x } Q (x) 

-^2^n^"^^(t-x)^"^j x^ 

+ 2 n^'''^(t-x)^ q» (x)x^], 
i,j 

which is seen to be of the required form 


where 


wi th q ’ ■ 
1 jk+1 


^■^^(t-x)^ q. 


ijk+1^^^’ i 

(x) being polynomials in x independent of n and 

t. This proves the lemma. 


In the following theorem, we establish the 
simultaneous approximation property for the Post-Mdder 
operators. 


IBBORhM 4.P,1 

X 6 1R+, then 

(4.3) lim 
n 


s Let f G B* 


and let f^^^x) exist 



(x). 


for some 
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further, if exists in <a}lD>cilR'*' and is continuous 

at e ich X £ Cd,b] then (4.3) holds uniformly for x in [ajh] . 

PBOO£ 1 Since i^^^(x) exists, 

(4.4) f(t) =: 1 . y j, (t-x)^+ h(t,x), 

p=o PI 

vhere h(t,x) £ B* and is such that given an arbitrary £> o 
there exists afi >o such that 

1 h(t,x)j <6 It-xj'^, 1 t“x| <6. 

Further, if f^^^x) exists in < d 5 h> and is continuous 
at each x f [a, b] , the above 6 can be chosen to be 
independent of x, with the inequality holding for all 


X £ [a, bj . 

( k) 

Mow, operating the equation (4.4) by we have 

MO'JCfCtJ = {-il M„ „ [ 2 (t-x)f] ) 

*’1 M (« [ h(t,x)] 

II ^ ^ 

= 2 l q) th-x)P-M) 


^ I (Px-X)'”" y" > 


/'frnra the formula (1.2) ) 


Since the first term in the last expression simplifies to 
^.n+kt 1) in order to piove (4.3) it is sufficient 

r(n+l)nl^ v ;, 
to show that 


(4.5) lim [ h(t,x)l = 0, 

n 00 ’ 

and that (4.S) holds uniformly In the uniformity case. 
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By Lemma 4.2»1 we have 


[ h(t,X)Xj (y)(t)l 


n, X 


j ^ ^5 

[h(t,x)xj ^ 

6 i? J>o 


'ijk 


^ ?i+ j <k 

where x, , . denotes the characteristic function of the interval 
ig(x) = (x-djx+d). 


h,x » 


Now fix a piir (i, j). Then, by the positivity of „ 4n view 
of (r’.i) wo have 

th(t,x)(t-x)^ Xi 
j+k- 


- ^ ^j+k x^’^'^, 


for some consttiint depending on j and k. 

Hence, 


1 fi [>l(t,x) Xw ,(t) .(x)]| 

Since ?i+o < k, it follows that there exists a constant 
G(x, k), not depending on n or 6, such that 

(4.6) [ h(t,x) Xj (^)(t)ll< e G (x,k) for all n > 1. 

Now, with J (x) = (o,co)\I„(x), by Lemma 4.?.1, 

0 ^ 

[hCt,x) 

= S (t-x)h 

1 j J >o 
Pl-f 1 ^Ic 

which by Lemma"!. 4. 3 is seen to be of o(n‘fn) for each m>o as 
n -* CO . 

Hence, 

(4.7) lira h(t,x) ^^)(t)] = o. 


n 


ex? 
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From (4..,) u„i V4.7), duo to tho urbltoarlnesa of E, we have 
(4.b). Further, (4.6) holds ur.lformly In the uniformity case, 
ms coffli/lotPs the proof of the theorem. 

4.3 4. ^X^jH . J , f .U li7,,,,I*0HMULAE IN THh bIMU L TMEODS APPROITMATTOW 
The following theorem gives an asymptotic formula 
of the type obtained by Rathore [ 71,7?] in simultaneous 
appraximation. 

4 f ^ 1^ , 1 . If f £ B* and exists at a point 

X £ Co,<x. ), then 

(4.B) [f^^^x)k(k+l)+?f^^‘^^\x)(k+l)x 

+ f ^^'*'^\x)x^] + o(n“l),n -* oc? , 
Purtherj if f^^'*'^^(x) exists in <a 5 b>iClR'^ and is continuous 
at each x £ [ a^bj then (4.8) holds uniformly in x £ [ajb] . 

£SQIiE 5 Taking m = 1 in the subsequent Theorem 4.3.?, Theorem 4.3.1 
follows from (1.9) after simple computations. 

The following theorem gives a generalized asymptotic 
formula in the simultaneous approximation and shall be used in 
the next section in obtaining the order of simultaneous 
approxim ition by linear combinations of I^^x * 

IHEOREM 4.3.S . If f £ B* and f(^®+^\x) exists at a point 


X £ (o,oc), then 

/ , ru oih 

(4.9) 


,,k ^ Sm f(P)(x) 


Pn, + o(n”®),n.oo. 


o'x"" p=:o 

Further, if f(2nH-k)(x) exists in <a,b>clR'‘' and is continuous 
at each x £ [a,bl , than (4.9) holds uniformly in x £ [a,bl • 


[ 
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PPOOF : If f e B* ind exists, then 

(4.10) f(t) - ' Jiliisj (t-x)P+ h(t,x), 

pr 0 PI 

where j»ivcn m irbitriry C >o there exists a 6 >o such that 
!h(t,x)l < lt-xl^“‘*'^ jt-xj <6. 

If exists in <a,b> and is continuous at each 

X 6 [ u, b] , 6 can be chosen independently for each x £ [ a, b 1 . 
First, we shall show that 

(4.11) [h(t,x)] = oCn”"^), n- oc , 

^vnd that in the above mentioned iriiforraity case, (4.11) holds 

uniformly for each x f [a, b] 4 

With lg(x), J5(x) as in the proof of Theorem 4.2.1, 

we have 

41'’ [«t,x)] = (4^’ [h(t,x)]}^^ ^ 

s { / h(t,x)^Pe"*^'^'^^dt ]} 

(4.12) c'y^ Fx 


+ { 



I h(t,x)t^e 

y^"-^ r(n4-l)J5^) 


y=x 


Now, by Lemma 4.2.1, 

.k .„n+l 

[ 


n* 


I 


y^*"^ r(n+l) 


h(t,x)t^ e" dtl } 


y=x 


XX 


.n 


x-n-2k-l 2 I ( t-x) ^ q., .iu(x)h( t,x) t^e~^^^^dt. 

Kn) ^ 

?n-j<:k 


Considering a general term in the summation on the right hand 


side, we have 
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X I h(t5x)t^ dt 


r(n) 


IgCx) 


„i4j 

r(n) 


^ " a“ J Iq^^l^(x) I J 1 t-xj ^ |h(t,x)| dt 


rnt/x 


n 


li 


I,(X) 


" r(n) 


y~"k ^-n-l 2^i+j j (x) j f lt~x|^^^'^'^ t^ 


Ig(x) 

^i+j ig / N| -(?m + k+ j)/? 
iiH-j+k ^ ^ 3 


(by the asymptotic evaluation(?.3), where A 

?m+ j+k 

is i const int depending on Pm+j+k) 

< f I q. ,, (x)ln"'’’ 5 (n>l5 since (k+j)/2 >i4-j), 

- /HM-J+K ijk ~ 

AS € >0 Is irbitrciry, we have 

(4.3a) (-4- r—#^: J h(t,x)t“ =o(n-»i)#>^ 

c,yk y‘i+i r(n + l) Ig(x) 1?=^ 

B’urther, (4»13) holds uniformly in x £ [ a, bl in the 
uniformity case. 


Also, by Lemmas 4.?,1 and 1,4,3, 

(4.14) f — f h(t,x)t^ dt]} :=o(n"S V>-oo, 

^ k yn+1 r(n+l) l(x) y=x 

for an arbitrary s >o (and (4.14) holds uniformly in x £ L a,b J 

in the uniformity case)* 

Equations (4. 13) and (4.14) establish (4.11). 

In view of (4.11), to prove the theorem it is 

sufficient to show that 


n,x 


p=o 


PI 


(4.16) ^ ^ (x)]+ o(n-°i), 

and that It holds mSormly In x £ [a,b] in the unifornlty case 
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For tM>, by tte gfnerilized asymptotic formula in ordinary 


approxim itlon, if t^(t) is a polynomial in t, 
(4.16) 15 ^[Q(t)3:= 

1 4 J Jv 


o(n"^) jH OO J 


P"0 P! 

where the rol ition is dso uniform in x £ [ a,b] . By (1.6) 
it follows th it [y(t)J is also a polynomial of the same 

degree as Q( t) and that the small order term on the right 
hand side of (4,16) consists of a finite sum ©f terms like 


( y ) 

, . where Ptii^.i(x), are 


ri 


fr+f 


“TTi ’ 

n 

polynomials in x. Therefore, 

,k 


,(P), 


(4.17) tQ(t)] y (x)]+o(n’'“), n-oo, 

njX pi 

which also holds uniformly in x 6 [ a,b] . Taking 


Pffl+k 
Q(t) =2 
1=0 


f (^)(x ) 


il 


(t‘*x) in (4,17), 


and keeping in mind the boundedness of the derivatives of f 
we, thus, get (4,15) and also that it holds uniformly in the 
uniformity case. This completes the proof ©f the theorem. 


4.4 1,1 HEAR. COMBI nations AND SIMPLIAMEODS , 4fpR0XIMAP .0I 

In this section Viie consider the linear combinations 
operators replacing 

H< in (1.31) by , i = o,l,. a-1. 

Obviously, there holds the interrelation " ^,x ^ ’ 

By Theorem 4,3.1 it is clear that a smoothness of f beyond 

the existence of does not result in an improved 

approximation of f^^^(x) by linear 

combinations however, we have 
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as n 


oo 


oc 


5 Let f 6 B* and let exist at a 

point X r tJon 

(4aH) = o(n-“) 

and 

(4.18) = 0(n'“) a! 

Further, if exists on < a,b>clR+ and is continuous 

at each x f ta, b] , then (4il8) - (4.19) hold uniformly 
in X C [ i, bl . 

The proof oi Theorem 4.4*1 can be easily obtained 
by using rhooreni 4»3.? and proceeding as in the proof of 
Theorem l.(^.l* 

TlkfQKijM 4#4«g i Let k £ |N and m be a non-negative integer. 

If f £ h* .tnd exists and is continuous on < ajb >c!R'^ 

then 

(4,?0) I ^ [f(t)] -f^^)(x)|<tnax ^ 

X 6 [ a, b ] j where C = C(ni) and C’ = C'Cnijf)* 
PBOOy i With the hypothesis on f, for all x £ La,bJ , we Can 


write 

(4. PI) f(t) 


il (?m+k)l Wt 


( ?m+k) 1 

+ (1-X. b(t,x),t > 0: 

\ 3. j D ^ 


<as^b>, 


where y is the characteristic function of <a,b>, n lies 

<a, b> 

between t and x and h(t,x) is a certain function belonging to 
By the definition of [f(t)] , we have 

j^k) [m+l j- f ( 1 ;)] -> f^^^(x) = S ( B [j 4 n,xC ^^t)] -f Ux) ]> , 

(since BQ+B 2 ..tB^= 1). 


I 
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Ik) [ > 


3=0 1 




1 i=. 


( 2 m+k) I 


^2Lg "b ^ 


luSjdcl ining 


+(l-x<(t^)h( t,x)] -fC^Ux)})}. 

.=<.n 


IK n( n =< n -^^^nt/x . ■ 

(O = i-^) ^ t 3 "e 3 li^, 3 Wx 

X r(c<:jn + l) 


here 


y (=< \ll,k 


(x) , 


ip 


2 i,+ i <^ 

1 ?“ 




j“0 ^ (?ta+k)l 


» Sm+k (pm+k) s t Ct)x. i^) 

® B I ^ Ur.&L. [f ('I )"f ™ \'=<f <a,t)> 




(t) at 


jSo 3 » 


” ^'1 *** ^2 ^3 * \ j 4 .V 1 m -ppolaced by ro+Dj 

. A iit?e (4.19) with m repiacea uy 

view of Theorem 4.4.1 (we use ^ 
cXerir that 

23) iLj^l < C 3 _n I derivatives 

ir© C^ depends on maximum m 

L)(x)on[a,b] and IS independent of n. 

TO evaluate E, we proceed as follows 


, 2m+k 




Cn)-x 

(PoH-k)! ° 
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fsing iG/riptotic oviluition (?,3), an analysis similar 

,0 thiit ni tiif» proof oi theorem 4.3.? shows that the last 
jxpressicn doas not o/cGfcl 

I 


(PsiH-k) .. 
w(f 

"(piTM-irr 


/t, 

{ — K 


A. 




m 


.m+1/2 


} , 


6(‘^jn) 

where Aj^ are const<ints independent of ‘=<jn and f, 
Therefore, with f 


n”^^, we have 


C4.?4) 


Upi 


-2- 

n 


for some lonsitiint Op not depending on n. 

1 in illy, in view of Lemma 1,4.3, it is clear that 

I = o(n“^) uniformly in x £ [a,b] for an arbitrary s >o 
3 

Hence there exists i const mt depending on f but independent 


of n such that 
(4.?6) 


U 3 I -< 


n 


'3 

tm-T 


The estimates (4.93) - (4.26) prove the theorem. 

In a similar fashion we can also prove the 


following thoorem* 

THhOKm i.4.3 : If f e B* and exists and is 


continuous on <a, b> then ^ 

(4.?6) [f(t)l -f(x)l< max a)(f 

X e [ a,b] , where C - C(m) and C = C'(m,f). 

1.6 DItlK;i.IWYEB .?R AMD SAIOBATTON THEOBtjMS TH THl? SfmifAljgO jS. 


i£SRQmmn 

In this section we obtain direct, inverse and 
saturation theoretns in the simultaneous approximation. W shall 
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ee iiow artttj inverse dUid saturation theorems In the 
rdin t| iTf >ln-* a ton c m Va extended to the simultaneous 
xppr^xin itit n c is«-' . ^><3 stirt with 

' Let f be such that exists and belongs to 

B* then 

( 4 .^) 


iC 




J£^ ^-k+1 for all n 


h,x 2n 1 rk) 

suff icietiilif large ind x 6 iR"^ if) and only if (x'^'*' f (x)}£ 

m9i 


V«’o h ivo 
(k) 




_l£ t'' it 

r(n) ° 


(4. PR) 


JD 


n 


r(n)x 


k ^0 


><X? 


(tx)*' f^’'htx) t" e"”* at 


■V »*a (a] . 

^ tv J 


A 

The theorem now follows from Theorem 3.P.I. 

In a similir nicuaner, using Theorems 3.?.Sand 3.2.3 

we can prove the following theorems. 

IHlaOKm 4.t>.2 •• Let exist aal belong to B*. If o < « i 2 

and Ift^Jct)! < H for some constant M and all tE IB .then 

the following statements are equivalent! 

(i) ( xl'tl fCi^Hx) ) E 2iJ > 

(11) for some constant A >o, end all n sufficiently large, 
(4.29) [f(t)] - f^'bx)! < A (X £ IE*). 

IMREM 4.5.3 s Let f(>*;) exist and belong to B* and for 

some « satisfying o < « < P, « * ' ' 

constant M and all t £ IR-". Then the following statements are 

equivalent . 
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(i) G. Z^, 

(ii) ior soiflO constiint A> o and all n sufficiently large 3 

< A x'^-k-1 n-^/S (I e IE+) 

The previous theorems of this section were of a 


global nature and therefore it was necessary to make the 
assiMptlons regargtirding the existence and growth of f^^^ on 
the whole of ifp*'. The following resultsj however, are of a 
loc il char icter in which it is possible to do away with similar 
assumptions. 

TlhA)HLM_1.6.4 J Let f e B*, 0 < < ap < ag < bg < bp < bi < 00 

and 0 < < P. Then in the following the implications 

(1) raXo).A»-^(3) 5^(4) hold, provided (1) is meaningful i.e,, 
exists on [a, b] . 


(1) sup 

p ■■ "wi ^ 


— < c, for some constant c). 

(?) f<^)Cx) e Liz (‘=<,iTH-l,a3^,bp), ^ 

(3) (i) for m' < =<(m+l) < m'+l, m' = o,l, ?nM-l , 

f(^‘^®')(x) exists and belongs to Lip ('=<(nH-l)-m* ,a ,b ), 


(ii) for o<(m+l) = m’+l, m' = o,l,?, 
exists and belongs to Z. (a , b ), 


, Pm, f 


( k+m ' ) 


(4) 1 [ f]- 

Of X. 




C t' ^ ? ^3^ 

PROOF J Assume (1). Since continuous functions 

and by (1) they converge to f^^^ (x) uniformly on [aj,b^] , it 

follows that f^^Hx) is continuous in the relative topology 
Of Ea^,b^] . Let aj,b>,a» and bj satisfy < aj < a' < a^, 

< b» < b« < b-. Let f* e Cp(|R+) with supp f*c: (a^,b^) 
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such r( 3 t) for X G The existence of 

sue! i fw.ctlr^n 3 ^ Is triviil. Now, in view of Lemmas 
1 . 4.5 Ui '5 1.\1 it is cle.iT that 

C[a' b[] 

for «n rl i tr >tv a > fu 

It r<i1owa th.t 


= 0 (n"®), 


hi view oi the validity of (4,28) for f^, 

Ihcorc’^ J.v?.4 ioHows Irotn the continuous version of 
Thaorcir 1,4.3 aid the interraodiate steps in its proof. 

Jjy ir|,wonts similar to those considered for the 
prof f of Tht^oram 4,b,4, from the continuous version of 
Theorem i, 1,'^ dJid its proof there follows the saturation 
XIILORlM 4 .!j.i. • Let f e bWo <a^<ag<a3<;b3<bj<bj^<oo 
Then in tlie following (1) -c4>(2) “^(S) and (4 ) (5) (6) 
hold, provided (1) is me.iningful. i.e., f^^Ux) exists on 

(I) r.'-''’ etp [f(tg -f'‘'>Cx)l = 0(1) 

*' P’ n„, 

i j- <C where c is a constat )| 

P 

(O) f ^, 0 . [‘Ap>fep3 e Ioo[ap,bg] , 

(J) lit/''' ["h [f]. ^ 


(4) sup 


[« ] [fj. r 

eur I 4^y"^%(t)]-f<«Cx)|= 0(1) , 

x£ ^ 2m+2+lc (i) 


(6) f^^^Cx) £ i^ih] if 


max(m,k) 


Q(i,in,x)f^ Hx) = 0 , 
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X 6 [a jb 1 , where QdjiUjx) are certain polynomials depending 
on m and k 5 

(6) n“-l =0(1). 

C [ 83 , 1 ^ 

Finally , we observe that to complete the proofs 
of Theorens 3.4.1 and 3,4.2 for a general function f, it 
is sufficient to work with an auxiliary function f* £ C^(IB'^) 
with supp f J^cCI ( aj_ 5 bj^) and coinciding with f on (a|*, b”) and 
proceeding in the manner of the proof of Theorem 4.6.4. 



Chapter V 


ANALYTIC FUNCT ION S AND PQ 3 T~VJIDDER 

5 1 I NTRODUCTION 

So far uhe hehaviou. of very few linear operators 
defined with the he]p of function values on the real 
line or a subset of it has been considered m the 
complex plane The first such nontrivial operators 
whose behaviour in the complex plane was studied were 
the Bernstein polynomials, and the study was done by 
Wright [91] and Kantorovitch [ 3 o] . Kantorovitch 
proved the following important result regarding the 
convergence of Bernsb«in poDynomials 

B^(z} = C f(_L)(n) ^ for complex values 

of z lying outside the segment o < z ^ 1 
THhOREM I If f(z) is n^ial3’'tic in the interior g 
the ellipse with foci at o,!, then ^(z) f(z) as n 00 
on E, this convergence being uniform on each closed 
subset of E. 

Kantorovitch's proof of the above theorem is based 
on an expansion of analytic functions in a series of 
Legendre polynomials. Bernstein earlier proved a similar 
result for circles instead of ellipses. His further 
contributions [4-6] also contcun some refinements 
over Theorem I, A comprehensive account of this work 
on Beinstein polynomials can be found in Loren tz [d?] , 
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Cheney and Sharma [idl have applied a similar 

technique to study other sequences of linear positive 

operators in the complex plane. J J Gergen,F.G Dressel, 

and W H.PurcelljJr [op] have studied the problem of 

oc 

convergence of Szasz operators Pj^(z,f) = e f(^),k 

in the complex plane. They obtained an analogue of 
Theorem I for these operators. The sets of convergencej 
in this case, are parabolas. Their method of proof is 
based on the fact that if f is analytic in a certain 
parabolic set and satisfies a certain growth restriction 
then it possesses a Laguerre senes expansion. 

The object of this chapter is to discuss the behaviour 
of complex z lying in the open right half 

plane which we shall denote by C'*' We shall be interested 
in an analogue of Theorem I for these operators, namely, in 
the convergence, ' 

(5 1) lim f(t)] = fCz), 

n CO 

for c 'f'propriate z £ C"'" and analytic functions f whose ' 

restrictions to iR"'" belong to B*, and which for some i 

con^ tints B,b >0 satisfy the growth restriction 
fCz) = 0(6^1 Izl - ^ and 

fCz) = OClzl ^), Izj 0, z £ 

uniformly for arg(z) belonging to compact subsets of (-v/?,Tr/?) 

We also discuss the effect of singularities of f on ^ 

the region of convergence and obtain best possible regions 
of convergence corresponding to locations of singularities. 
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6.2 GHABACTERIZATI ON OF CERTAIN CLASSES OF ANALYTIC FUNCTIC 


The following theorem characterises certain classes 
of analytic functions At the end of this chapter, we 
shall use this theorem to establish some results regarding 
convergence of Post-*Widder operators in Ct 
THEOREM 5 2 1 Let f 6 B* and let INf ^ denote 

the set of all n such that f-f(t)l exists. Then, if 

f £ G( IR'*') and 0 £ (o,Tr/?), the following statements are 
equivalent; 

(i) f has an extension as an analytic function regular in 

the set K(0 ) = { z] Rez > o, [ arg zj < 9 } and 

lim 2 t-f(t)] = f(z), uniformly on each compact subset 

n ’ 


of K(e). 


(ii) For each x £ Ir”^ there exists a positive real number 
My such that 

^ 1/k 

(5.3) I [f (t)l 1 < I^, k £ IN, n G IN^ 

and 


(5.4) lim sup k"-^ 1 ML f(t)] 

k -* oc ’ 


1 ( k ) p T ^ *“1 

-liM r^/'+.'A I <(ex sin0 ) 


uniformly for n £ [N^ - , where x = x(l+';in0). 

* j A 

PROOF First assume (li) to be true. Then as 

for each n £ IN^ ^ the function 

(S.6) g„(z) 1 f 

k=o ki ’ 


is an analytic function regular in = { zj j z-xl<xsin0} 

as the radius of convergence of the right hand side series 
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of (5,5) IS atleast xsinG . Since f £ CdR"^), from Theorem 1 
there exists a constant such that 1 f- f'C't)] [ INj 

NOW} in view of the Stirling’s formula and (5,4), given an 
arbitrary Y > 1 there exists a £ IN such that 


(S.6) I » >'o- 

Hence if x , p > o are such that Xy =p < 1, we have for 

^ ^ ^x, X xsin0 




k=k^+I 


(5.7) 


k, 


< m' + Z ^ ^ (kMj^)^ + 


k=l 


k +1 
p o 

1-p 


> n £ 1 2 ^ 


It follows that {5^(2)}^ g is a net of 

f , X 

analytic functions regular and uniformly bounded in 
Sx, xxsine- Since for c £ ^ [ f ( t)] is an analytn.. 

function regular in ~ inside 

the circle of convergence. In view of the continuity of 
f(x) and Theorem 1.5,1 Vi tail’s theorem implies that f(x) 
has an extension as an analytic function regular in 


oo 


®x, xslne ^,z - fCz) as n 

uniformly on each compact subset of xxsinG • 

Now choosing P and y sufficiently near to 1, 
can make X as close to 1 as we please. Therefore, the 
extension f(z) of f(x) is an analytic function regular 
inside 3 ^^ and ^ -^^ 2 ) as n - ^ on 
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each compact «ubset of xxsin0* This being true for 
each X 6 IR"^) in view of the fact that each compact subset 
of K(,0) can be covered with a finite number of sets of the 

^x, XsineCX follows. 

Next, assume (i) to be true. Then the Taylor 
senes for f(z) about x has radius of convergence atleast 
equal to xsinG . Consider a circle r of radius ^ixsinG 
and centre x, ( o < X < 1). By Cauchy's inequality we can 
wri te 

. , . ki M, 

(x)i < L_ , k e IN, 

( xxsinG ) 


where is the maximum modulus of f(z) on r • Applying 
Cauchy's integral formula we have 


(S.8) - f<*‘)(x)| < -Ip. ; 

’ ^ p 


IM 


n,z 


[f(t)] -f(z)l 


z-x 


k ♦►I 


I dz 


But, from the uniform convergence of tfC’t)] to f(z) 

as n 00 on each compact subset of K(0), we get 


If^jz for all n £ INf z G r 

and some constant ly^ 

Therefore, 


(5.9) [f(t)] 


- f 


(k) 


(x)l < 


ki Ptt X xsinG 


?Tr(X xsinG) 
kl 


k+1 


( X xsinG ) 


tc 


for all k G IN and n £ 
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From (5.8) and (5.9), we have 


tf(t)]l < Si , 

( X xs in0 ) 


for dll k £ IN and n £ , whence 

.V 1 /I 

tf(t)] 1 < iill A ) 

’ " Xxsine 


1/k 


for all k £ |N and n £ 

In view of the Stirling’s formula there exists a constant C 
such that for all kg IN, ((ki)^'^Vk) (MJ_+^%) < C. Then, 

with = -- } we have (6.3), proving the first part 

of (li). Further, 


lira sup k“^| [f (t)]| < 

oo ' ’ ' 


V 1/k ^ 

(k! ) /k .. \1/^ 

liin (M^+k^) 

k c>o xxsinB 


= i (uniformly in n £ INf ^). 

e XxsinG ’ 

But, the left hand side in the above Inequality is independent 1 
of X . Hence, 

I 

lim sup k"^ 1 [ f (t)] j < (exsin0 )"^, ' 

h -*• 00 ’ 

(uniformly in n £ INf^j^), which completes the proof of the 
implication (i)-«r(ii), thus proving the theorem. 

REMABK 5.2.1 From the above proof of (li)^(i) it Is clear that 
when the hypothesis (ii) of Theorem 5.2.1 is assumed only for 
an Unbounded subset (_of iNp^x)— ^^f ,5: » ®ven then (i) 

follows with the convergence f(*)j n 

being along 



102 


5.3 CQMVJ^BGENCE IN THL COMPLEX PLANE 


Let KCO), 0 £ (OjTt/P), be the subset of as 
in Theorem 5 2 1 We denote the upper half of the set by 
K‘*'(9 ) and the lower half by K”(0 ) ( IR"^ is not Included 

in any of the sets K^CG) and K"(9 ) ) Also, let 

L‘^(0) = { 2 I Re z >0 and arg z = 9 } , and 

L (9) - {z 1 Re z>0 and arg z = -0 } 

Throughout this chapter (K*(0), L*(9) denotes any of the 
pairs (IC^CG), L’^(9)) or (K (0), L“(e)). 

^HLO RJM 5 3.1 Let 9 £ (o,Tr/2). If f £ B** is regular 
in K’’'(9) and is continuous on A*(9) = IR'^'U L^O), then 

(6.10) lira %,ztf(b)] = f( 2 ), 

n ’■► 00 

for any z £ K’^(0 ) U A*(e). 

remark 5.3.1 The proof of Theorem 5 3 1 uses the order 
condition (5.2) only on the set K*(0). 

First, we shall prove the following lemma. 

LEMMA 5,3.1 Uider the hypothesis of Theorem 5,3.1, for 
each z £ L*(0), if n is sufficiently large, there hold 

(5.11) lira j f( 0 )) ^0 

1 ( 0 ) 2 ^"^^ iirc( ^g) 

and 

(5.12) lira S j f( u) ) d(o = 0, 

Jij_^o r(n)z^+l Arc(S'i) 



10 ^ 


where AtcCAj ^) and Arc ( ji2 ) arcs of the boundary 

of the set = { z & K *(0 ) U3 _ < I z | 



PROOF OF THh LhMM A Le t z = xe^® . For large j uij 5 using 
(5.?), lf(w)| < A^e®l for some constant Hence, for 

sufficiently large 

1 2fL-. j f(co) 0)'' du)j 

r(n)z’^‘^^ Arc(^p) 


(6 13) 


< 


< 


n 


,n 




r® ft 0 ^"^^ ^-^9 {Oa4)cos(0-=<)-B } d'=( 

J c ^ 


A^ 0 n 


n 


r(n)x 


11 + 1 


n+1 

'? 


^^(n/6c) C50se-B) 


Rrn sufficiently large there holds(n/x )cos 6 - B >0 
Hence the right hand side of (5.13) approaches zero as 
Jig 00 ^ This proves (6.11). 

faimilarly for sufficiently small using 

M* 

|f(a))l < AoU!~ 3 we have 


. . li-v 1 
r ( n)z 

(5.14) 

n 

< S 

- , . n+1 

r(n)x 

AG 

< (L 

“ / \ 

r(n)x 


J f (w) 

j\rc( 


n „-n 0 ) /z 
0 ) ® 


do) 


.e (n+l)-h -n((AT/x)cos(e-'^))d°( 

i A^ jl. ^ 

0 ? 1 

^ (n+l)-b g-n(fi.-^^/x)cos0 . 
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Since for all n sufficiently largSjU + 1 - 'b >05 taking limit 
as Oj 'the right hand side of (5 14) approaches zero, 

which completes the proof of the lemma. 

P ROOF OF THh THEOREM We shall only prove the theorem when 
K*(0) = K+(e), the case K*(0 ) = K~(0 ) being similar. Further, 
to prove the theorem, clearly, it is sufficient to consider 
the cas© when z £ L'^(0). Let 0 denote the boundary of 
KT*"!© , J where ni"® such that z £ C. By the 

hypothesis on f, f is regular in ^*"( 0 , continuous 

on G. Hence, by the Cauchy theorem, 

r -p t \ ^ o*'"© ^ a r\ 

Jl\,u )}[0 e 0 ( 0=0 

0 

Hence, 

n V 

{ ; f(u){iPe“^“ 

r(n)z^ ^1 Arc(£^) 


(5.15) 


- J f (u ) m /z 


I 

- S ^f(tei0)(tei9y e-nteW/a ^19 ^ 

h 

Letting jLp oc ^,^^0 "* 0 m (5 15), from Lemma 5.3.1, we get 


n oc 

J f(t)t'^ e“^'it/z 

r(n)z“^‘^ 0 


_n cx? 


n 


r(u)‘!S 


ti 


TT J f(tei0)(tei0)^ g-ntexe/z gi© 
hx Q 


(5 16) 
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PROOF - Let K be a compact subset of IC^(0). Then there 
exist positive and d such that K-d K^(0“6, 

Let L^ and Lp, respectively denote the points of JR"*" 
distant and f i om the origin Also, let denote 

the point and Z_ the point £ ea(6“5) Since, 

* 1 - C P 

lim ^^2 ^^Ct)] = fCz^), 
n -* cx? 


UTiiformly for all belonging to the segments L^L^ and Z^Z^, 

1 2 -L ^ 

we can write, for some constant independent of and n, 


[f(t)] 1 < M^, z^ G L^LgyZj^Zg. 

Now, assume that lies on the arc L^Z^. Then z^ ~ 
where 0 < ^ <0 - 6 . Since f £ B**, for some constants 
AijAg, we have 

lf(w)( < A^e®l“l + Apliol 
for all w £ 10^(0), Therefore, by (5 17), 



[f(t)] 1 = 1 


n 


n 


n+1 

r(n) 


oo 

; t(tei=<)t^ e-nt/% dt! 
0 


5 1 lf(tei°^) 1 t"" e-nt/^i at 

r(n) 0 

< ^ + 1^2'^''^] t^e”'*^t/^l dt 

= + *2 “n.Ji e Arc 
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Since the right hand side is independent of it follows 
from (1.6) and (1,10) that for all £ Arc and for 

some constant M independent of and nj 

CS.19) I < ^ 

In a similar manner it can be showi that when z^ £ Arc 
for some constant independent of Zq and n, 

(5.P0) 1 [f(t)] 1 < 

Hence, from (5.18) - (6 PO), the maximum modulus principle 
yields 

(5.P1) 1 [f(t)] 1 < M, 

? o 

for all Zq k'’(9-6 5 ^ 2 ^, S' p) 5 M being a constant independent of 

z and n, 
o 

The result for Kr''(9) now follows by Theorem 6,3.1 
and Vitali's convergence theorem The proofs for K'"C9) and 
K(0 ) being similar are omitted. This completes the proof. 

The following consequence of Theorem 5,3,2 is now 

cle ar • 

COROLLARY 5,3,2 Let f £ B*’*' be regular in CT'' then uniformly 
on each compact subset of <C , there holds 

lim 2 [ f( t)] = 1 ( 2 ^). 

n -*■ CO ’ 0 
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6.4 ii.FFfcCT OF SINGULimiTI^S ON THg REGION OF GOlWijJ^GENCE 

In this section 'we consider an isolated singularity 
0 )^ of the function f(a)) and then determine the corresponding 
region of convergence of lyi^ ^ [f(t)] to f(z) as n •* og. The 

following theorem is the main result of the section. 

THEOREM 5.4.1 Let 0 £ (OjTr/?). If f £ B** is regular 
in K*(e )5 excepting at an isolated singularity £ K*(e )5 
and is continuous on A*(e) = lE+U L*(9), then 

^,z = f(z) 

n oo 

for all z £ K*(9)(jA*(9) which satisfy the inequality 

(6.22) l!i£_l cos(P-^) > 1 + In 1^1 , 

2 Z 

where p = arg and '=< = arg z. 

If “=< < P, the proof follows from Theorem 5,3.1. 

To prove the theorem when ^ Pj we require the following , 

PR Q P.0.31 T1 0 N 5 4.1 . Let Cj, denote the circle with centre 

and radius r. Then with f as in Theorem 6.4.1 there holds 

(6.23) lim ^ X f(a)) afi e'^w/z d w = 0, 

n -V cx? r(n)z^‘^^ ^r 

provided z satisfies the inequality (5,22) and r is 
sufficiently small. 
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PROOF OF PROPOSITION 5 4,1 . Let M = max lf(£^)l. 

e 


Then, 


^ J f(w)a}^ dw 1 


r(n)z^+l 




.n 


n ji min Re(^/z) 


rCn)l 2 


M(lM^j + r)e «GC 


27rr 


< 


id 2« M (|c l+r)" 

n+1 'o' 


nn)l2 


= ^ r M n^/S ^ Upl+r n cos (p-=<)-l- ^), 


(by the Stirling's formula ) 

r M 


exp ( -n { -In — \ + 




z 


GosCp-'^)- -j— r>) • 
2 


howj if r IS sufficiently small and 


“n 

—I cos(§-o() >1 + In 1—2. 


then l„“.o_t cos(P-oc) + I- 1 - in 1. - JL 


}> Oj and 


Ul |2| 

therefore last expression converges to zero as n -+ This 
completes the proof. 

P ROOF OF THEOREM 5.4.1 Let °< > p. Consider the closed 
contour as shoun in the figure below 
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; f(u)) 0)^ ^ 

G 

iijr 

Therefore, 


{ I f(t)t‘^ Q-nt/z dt + J f (oj ) oj^ e“^“ /2 d oj 
^llp Arc LpZp 

- J f(io) &U +S f(»>) »“ e'““ du 

S ZgZj^ 

+ J f(w) @“nu /s du}= 0, 

Arc Z^Lj^ 

Letting 0 and *'2 making use of Lemma 5,3. 1, 

■we obtain 


n 


n 


r(n)z 


n+1 


Mn,2 [f(t)] 


; f(a))w" dw = Mn, 5 


■where F( t) - f(tei‘^) 



Ill 


From Proposition 6 4.1, the second term on the left hand 
side of the above relation tends to zero as n -*• oo . 

From Theorem 1,5.1 -we therefore have 


lim = lim %\z\ tF(t)] = F( 1 z| ) = f (z) . 

n n-*oo 

When =< = p, we consider the contour (shown in 

the figure below) where the radius r of the semicircle 

is taken to be sufficiently small. 



2 { j f(t)t^e“^^^^ dt + J f(w)u)^ doi 

r(n)z^'^^ k]_L2 


+ J f(w) Q-nw/z j f(u))aP d 


CO 


+ f f(w) dto + J f(w) 0)’^ 

Y^Zi Arc 

Letting a. -* 0 and 12 '^^ making use of Lemma 5,3 .1 


we obtain 




n 


n 


r(n)z^‘*'^ r. 


j f(a)) e ^ ^ d 0 ) = 
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where 


F(t) = 


f(te^^) j t j? [ X2^5X2^ 

0 j t 6 [x^^jXg] 

From the proof of Lemma 5.4.1 it is clear that 
the second term on the left hand side of the above equality 
tends to zero as n -» oc Prom Theorem 1 5.1 we therefore 
have 

[fCt)] = lim F(t) = F(jzl) = f(z). 


n 


oo 


n 


CO 


This completes the proof of the theorem. 


The case when f(w) has more than one singularity can 
also be treated, in a similar manner. 

5.5 BEST POSS IBLE REGION OF CONVERGENCE 


The object of this section is to show that the 
region of convergence determined by (5,22) can not be 
further enlarged. We prove this in 
THEORE M 5,5. 1 The region of convergence determined 
by (5.22) in Theorem 5.4.1 is best possible in the sense 
that if z u^) does not satisfy (6.22), then [f(t)] 

may diverge as n -> oc for some function f G having 
its only singularity. 

PRO-QF Consider the furiction f(w) = — I , for which 

0)- Oq 

0 ) = is a pole of order one. The residue at w = of 
the function ) is e'^ Therefore, 

with as in Proposition 5.4.1, 
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n 0 )^ -n 0 ) /z 

_G j § do) 


r(n)2^+^ ^ 


o 


Ptti we ^ 


r(n)2"-"l 


o 


n 


?ir 


n 


^(n)l z 


, ,n -n Re 

1^1 ' "ol " 


nj 


?TT 


n‘ 


n 




n -n 1 — ^1 cos(P-°() 
wq e z ' 


= exp (n { In j -!~1 + 1 - \^\ cos(p-^)} ) 

Therefore, if In 1-^1 + 1 - 1 --~1 cos(p-°() ^ 0, the last 
expression goes to oo as n oo Notice that in this case 
oC > p and therefore from the proof of Theorem 5*4.1 it 
is clear that ^ diverges as n -» oo . This 

completes the proof of Theorem 5,5.1. 

5.6 SOMN FURTHER RESULTS 

In Section 6,3 ve evolved an approach to establish 
the convergence of the Post-Widder operators in the open 
right half plane, for a certain class of functions. In the 
present section vie adapt another approach to establish 
the same convergence in which Theorem 5 ?,1 plays a 
prominent role. We start with 
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LEMil. 5. 6, 1 Let f 8 B*n and let for a set 

of positive x’s having a limit point 1 there exist functions 
£ B*n G(|R‘*') such that for some 0 £ (0,^/2), 
r g, (x) 

nx)l < — - , for all k£ |N, x£ IR'^, 

( Xxs inG ) ^ 

Then there exists a positive real number and a positive 
integer n^ depending on x such that 

(5.24) all k e IN and n > 
and 

(6.25) lim sup [ f(t)l < (exsinG)"^, 

k -»• OO ’ 

uniformly in n ( > n„) £ IN^ 

*^0 i. j A. 

F.SQ.Q£. From the second form of the definition of 
formally we have 

lj4^^Lf(t)]l < — ifL If^^^tx)! t^+^ dt 

’ r(n) 0 

< ^oc k! (tx) ^n+k ^-nt 

r(n) 0 (X xtsinG 


But, since 


kl “ 

= X 

(XxsinG)'^ r(n) ^ 

n oc? „ 

lim — j (tx) t e“ 
n oo r(n) o 


( tx) t^ 


dt 



dt. 


= lim (t)] = g^Cx), 

n -*■ oo 
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there exists a positive integer n^ such that for all n ^ 


( 5 , 26 ) 


Hn) 


n cc . 

~ ; g (tx) t^ dt 

0 ^ 



where 


(^) 

is a constant which depends on x and A only. Therefore j 
it is clear that the interchange of the order of integration 
and differential on in the first step of the proof is 
justified and we have 


(6.?7) 


^,x [f(t)]l< 


kl A 


) 


( X xs inG ) 


k 


5 n > n. 


Therefore, 

[f(t)] k''*' < — ^1— (kl 
’ ■ xxsinG 

Using kl j^k+1/2 ^ k^ making X -♦ 1 this can be 

written as 


~ 1 , 


1/k 


< for all 


(5.28) k 

k(l.sorae k^) £ IN, n(^ nQ) £ constant 

depending on x only. 

Again, since by Theorem 4.2 1, lim [ f ( t)] = f^^^(x)< 

n-* oo^’^ 

we can write 


(6,29) < C^, for k= 1,2, k^ 

and n( > n^) G 1%^^, From (5.28) and (5,29), for all k G iN 
and n( ^n^) G we have 

l^fx ^ where = max (B^jC^). 
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This proves (5,24)* Again, 
lim sup [f(t)] I < 

Ic -* oo 


lim - 
-» oo 


lim 
^ oo 


ic 


1/k 


Xxsin0 




X exsinG 


Thus, 


1 _.__ * 

X exsinG 

lim sup k"^ l4fx I 5 (exsinG),^ 

k-^ oo 


uniformly in n(>_nQ) € * 

But, since the left hand side is independent of X , 
we can make x tend to 1 in the above limit relation* 

This gives 

-I ( k 'i r ^ \ ^ 

lim supk" Lf(t)J 1 < (exsinG) y 

^ oo 

uniformly in n(^ n^) t 1%^^' 

This completes the proof of Lemma 5,6.1. 

■pHEOREM 5.6.1 * If f satisfies the hypothesis •f Lemma 5.6.1, 
then f has an extension as an analytic function, regular in 

KX0 ) = { 2 I Re 2 > 0, 1 arg z \ < Q } 
and 

lim El IfCt)] f(2), uniformly on each compact subset of 
n ^ 00 2 

K(e). 
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PROOF : The proof of the theorem is evident in view of 
Theorem 6.P.1 and Lemma 5 6,1, 

CORROLARY 5,6,1 Let f £ B** be regular in X(0 ) (o < 0 <7r/?) 
then 

lim [f(t)] = f(z), 

n ♦ oo 

uniformly on each compact subset of K(0 ) . 

£R.QPF. J It follows from the hypothesis on f that for each 
positive X < 1, there exist constants A,B, b>0 such that 


lf(2)l < A(e®'^l + IzT^), 

for all z 6 U xxsinG, X xsinG the 

X blR’^ 

closed sphere with centre x and radius XxsinG. It follows 

that for all X e IR"^ and 2 e S there holds 

x, xxsinG 


f(z) < g (x), 


where 


(x) = ^ sinG ) ^ y_x(l- XsinQ)] 


Clearly, g. (x) £ B'^nc(lR+), and by Cauchy's inequality 




ki g, (x) 


( XxsinG) 

Hence the result follows from Theorem 6,6,1, 


£ IN , X e 1R+, 0 < X <1 
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